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1 Introduction

Gaussian Analysis, in particular White Noise Analysis, has been intensively investigated and developed
in recent years. It gained interest by its applications in stochastic (partial) differential equations,
quantum physics and many more. One aspect is the construction, analysis and characterisation of
spaces of (generalised) random variables on infinite dimensional Gaussian spaces. In this paper we
deal with a specific type of random variables, which are natural in the context of stochastic partial
differential equations, as illustrated in Section 5 below via different examples. These random variables
have important properties, such as Malliavin differentiability. The type of random and generalised
random variables under consideration in this paper can be described as follows. Let H be a real
seperable Hilbert space carrying a self-adjoint operator (K, D(K)). Furthermore, N is a nuclear space,
densely and continuously embedded into H such that N/ € D(K). By the Bochner-Minlos theorem
one obtains a Gaussian measure u on the dual space N’/ of N/ with covariance functional (-,-). Via
the Wiener-Ité6-Segal isomorphism the second quantisation I'(K) of (K, D(K)) is defined on the space
L2(N’, 1). The random variables Gk C LZ(N’, 1) we investigate are exactly the C* vectors of the self-
adjoint operator I'(K). Furthermore, the operator I'(K) induces a finer topology on Gx. The space of
generalised random variables Gy is the dual space w.r.t. this topology. Important examples of random
variables and their dual space arise in this way. For example, the pair of Hida test functions and
distributions (S) and (S)’, see e.g. [15], and the pair G and G’ in [25] arise in this way for suitable
choices of the operator K. In particular, for K = Ald, A > 1, the elements of the space D(I'(K)), which
contains G, are infinitely often Mallivain differentiable along H.

Our results can be divided into two parts. The first part consists of a refinement of the one found in
[12]. There the authors used the concept of holomorphy on Hilbert spaces. In this paper we avoid this

technique, which also results in a shorter proof of the main result. Furthermore, this makes our result
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2 1 Introduction

easier to apply. To overcome the usage of holomorphy on Hilbert spaces we use the concepts of the
S-transform (see Definition 2.6) and U-functionals (see Definition 2.7) as well as the famous character-
isation theorem by Potthoff and Streit (see Theorem 2.8). Observe that in applications (generalised)
random variables are often constructed and defined only via their S-transform, see also the example
in Section 5 below. Fortunately, this is the only ingredient we need for our characterisation. In the
second part we deal with two different kind of stochastic partial differential equations. The first one is
a stochastic transport equation, the second is the stochastic heat equation both with a multiplicative
noise. For both equations we give explicit conditions in terms of the coefficients of the equations such
that their respective solutions are actually contained in the much smaller space Gq1 € L?(i), a > 1, of
smooth functions in the sense of Malliavin calculus.

This article is organized as follows. In Section 2 we briefly describe the functional analytic framework
and the main concept of Gaussian and white noise analysis we use throughout this paper to state our
main theoretical result. In particular we give the definition of the spaces Gk and g]g under consideration.
Theorem 2.11 contains our main result, a characterisation of Gx and Gy in terms of the S-transform. In
Section 3 we further introduce concepts of Gaussian Analysis. Section 4 contains the proof of Theorem
2.11. In Section 5 we present two applications from the field of stochastic partial differential equations.
In the first case we apply our main result to the stochastic partial differential equation
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where a%fcr(t)]gt is understood in the It6 sense. The coefficients v and o are allowed to be singular.

This equation was treated by several authors, see e.g. [24, 4, 11]. In particular, in [24] solutions were
constructed as elements of the Hida distribution space (S)’, see the references for the precise statement.
We use the characterisation theorem to improve the results from [24] by showing that the solution
belongs to the space of regular distributions G’. In particular, we determine explicitly in terms of the
coeflicients the regularity of the solutions, see Theorem 5.2.
In the second part we consider a stochastic heat equation with general coloured noise, i.e.,

alal;’x = %Aut,x +ucWey, t>0,x € RY (SHE)
Uox = uO(X)) X € Rd)

where the product between uiy and the centered Gaussian process Wt,x, t >0, x € RY, is treated in
the Skorohod and Stratonovich sense. The covariance of Wt,X is given in (5.12) below. Our results are
based on [17] and extend the results given there. In particular, we show that wu(t,x) € G C L?(p) for all
t € (0,00), x € R4, This implies, using the results from [25], that w(t,x) is infinitely often Malliavin
differentiable. This was not shown in [17]. Eventually, in Section 6 we give an outlook for further
applications of the derived characterisation in the context of stochastic currents.

The following core results are achieved in this article:

(i) We prove a new characterisation theorem for the space Gk and its dual Gy, which is an improve-
ment of the result in [12].

(ii) In Example 2.12 we show how to construct appropriate nuclear triples to use our theoretical
result in (i) in order to analyse stochastic partial differential equations driven by a Gaussian

noise.
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(iii) We derive explicit integrability conditions on the coefficients v and o of (STE) to determine
that the solution 1, belongs to Gyq, A > 0.

(iv) For the Skorohod and Stratonovich version of (SHE) we improve results obtained in [17] and
show that the corresponding mild solution is contained in Gxiq, A > 0. This implies that the
solution is smooth in the sense of Malliavin calculus.

The aim of this article is to further bridge the gap between classical stochastic analysis and white
noise analysis. Moreover, it is intended to show case that the combination of white noise analysis and
Malliavin calculus can be very fruitful.

2 Preliminaries and Main Results

To state our results we briefly introduce the main concepts of Gaussian analysis. The material in the
following can be found in e.g. [15, 22, 2, 19]. Henceforth in the sections 3, 4 and 5 we fix a separable real
Hilbert space (H, (-,-)%). Furthermore, there exists a real nuclear countably Hilbert space N densely
and continuously embedded into H. In the following we briefly explain the notion of a nuclear countably
Hilbert space. Le., there exists a family of real inner products {(-, )p}pen, on A with induced norms
{Ill,}penvo, where (- -)o = (-,-)%. Theses norms satisfy [|¢||, < [l¢]| ., for all ¢ € N and p € No.
Furthermore the family {H'Hp}pelNo is compatible, meaning that for all p,q € INy and every sequence
(@n)new € A which is a fundamental sequence w.r.t. |||, and converges to zero w.r.t. ||-[|, converges
also to zero w.r.t. |||, This implies that the identity operator I : (N, [|-|,) — (N, [l-[ly), P > g
extends linearly to an continuous, injective map with dense range from H, to Hq, where H, and H,
denote the completion of N w.r.t. |||, and [|[l > respectively. This extension is denoted by Iy q. Also,
for every q € IN there exists a p > ¢ s. t Ipq is a Hilbert-Schmidt operator. Eventually, the space

N equipped with the metric d(¢, ) Z 277 P”:‘T ¢1|I|)II is assumed to be a seperable complete metric

space. Hence, we obtain a chain of Contlnuous and dense embeddings
NCH, CHCHCH L, CH (SN, p>g (2.1)

where N/, H_, and H_4 denote the dual spaces of N, H, and Hq, respectively. The dual pairing
between an element @ € AV and ® € N’ is denoted by (@, ®) € R. We consider N/ to be equipped
with the weak topology and denote the respective Borel o-field by F. Via the Bochner-Minlos theorem
we obtain measures defined on N/ in the following way:

Definition 2.1. Let 0% > 0 and define the continuous function

2
Co2: N — C, @ — exp <—(;((p, (p)H> . (2.2)

Observe that Cg2 is positive definite and satisfies C;2(0) = 1. Hence, by the Bochner-Minlos theorem,
see e.g. [22, Theorem 1.5.2], we obtain a probability measure wy2 defined on the Borel o-field F of N
uniquely determined by the characteristic function Cy2, i.e., it holds

J exp (1(@,-)) dugz = Coa(@)  for all ¢ € N. (2.3)
N/
For o =1 we simply write w instead of 1. We denote by L*(p) == L2(N”, C; u) the space of equivalence
classes of complex-valued functions which are square-integrable with respect to w. The next proposition

is an immediate consequence of (2.2) and (2.3).
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Proposition 2.2. Let @1,...,¢on € N, n € N. The image measure of W under the map

Toren N — R w = ({01, w));

=1,..,n

. . . . o o N
is the Gaussian measure with mean zero and covariance matriz C = ((@i, @J)H)1§i,j§n on R", i.e.,

o T(;]M% = N(0, C).

An important subspace of L?(p) is the space of polynomials P(N’) on N/. A polynomial F € P(N') is
a function on N’ of the form F(w) = p((@1, W), ..., (@, w))), where k € N, w € N/, @1,..., 0k € N,
and p is a complex polynomial in k variables. An elementary proof shows that P(N”) is dense in L?(p).
The subspace P (N'), n € Ny, is the space of all polynomials F where p is of degree at most n. Now
we define orthogonal subspaces W) (1) for n € INg. Define

W o)(n) :=span(1),

Wiy (1) =P V)N Py(N7), neN,
where P, (N /) denotes the closure of P (N’) and Py,_1)(N')* the orthogonal complement of

Pin—ny (N’ ) in L2(w), respectively. For n € IN the subspace Wy is called the space of n-th order
chaos. It follows by definition of (W(n)(p))n €N and the density of P(N’) in L?(p) that L%(p) is the
orthogonal sum of the subspaces W) (1), n € INo. A characteristic element of W, (u), n € INo, is
given by
N'swe Hn,((p,cp)H (((p,u))) € R)

where @ € N and Hy (¢,0)5, 18 the n-th Hermite polynomial with parameter (¢, @)3. The family of

Hermite polynomials with parameter «? > 0 is defined via its generating function

exp( o? —|—tx> ZHnaZ

From Proposition 2.2 we obtain for n,m € Ny and ¢, & € N/

J Hn,(cp,(p)q.[ (<(P) w>)Hn,(£,E)H (<‘E) w>) dll = 5n,mn!((|pa E»);l-[ = 6n,mn! ((P®n, £®n)7{®n . (24)
N/
Let n € INy be fixed and I a finite index set and @; € N, &; € C for i € I. Define the function in L?(p)

N'swe <Z %" :w® > Z oiHn (01,005 ({01, w)) € C. (2.5)

i€l iel

From (2.4) we obtain the It6 isometry between L?(u) and the symmetric tensor product ’H%n
iel

iel
Observe that we consider on the symmetric space H%n the scalar product n!(-, -)H‘%n, where (-, ‘)H%)n is

2 2

(2.6)

L2(w) HE™

the usual scalar product on 7—[@ , see also [15, Appendix 2]. From the polarization identity we obtain

that elements )_ oclcp@m € ’H®n as above form a dense subset of the complex symmetric tensor product
iel

’H®“ Hence, via (2.6) and an approximating sequence, for an element fin ’H we obtain an element
Fn € Wy (p) which we denote by Fr, = (f,:-®1:) satisfying

Pl =
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Conversely, representing usual monomials via Hermite polynomials, we obtain that every element F,, €
W) (1) has a representation as Fn, = <f(“),:-®“:> where <f("),:-®“:> denotes again the L?(w)-limit of
elements as in (2.5). Let I'(H) be the symmetric Fock space over H, i.e.,
- ~ 0 2
M(H) = {f = (FO#D £2) | £  HE™ for all n € No, Y nl Hf(“)H < oo}. (2.7)
n=0 H
Observe that we used the abbreviation Hf(“)HH

similar notation for corresponding scalar products to keep the notation simple. The space I'(#H) carries

for the norm Hf(")HH@gn in (2.7) and use henceforth
C

the scalar product

(£, @) = D n!(fny gn)a, for £, € T(H).

n=0

The above derived decomposition of L?(i) is the subject of the Wiener-Ité-Segal theorem.

Theorem 2.3 (Wiener-It6-Segal isomorphism). The mapping
oo
LT(H) = L), £ Y <f(“),:-®“:> (2.8)
n=0
s a unitary isomorphism.

o0 ~
Hence, each F € 12(u) has a unique chaos decomposition F = 5 <f(“), :-®“:> with kernels f™ e HE™,

n=0

oo
2
n € Ny, and ||F||%z(u) = Zo n! Hf(“)HH. From this point we can easily define spaces of random and
o

generalised random variables via the concepts of second quantisation, for more details see [15, Chapter
3.C]. Let (A,D(A)) be a closed and densely defined linear operator on H with ||Af|,, > [|f|,, for all
f € D(A). We define the Hilbert space (Ga, H~HQA) as the domain of the second quantisation of A, i.e.,

Ga = {F = i <f(”),:-®“:> e L%(w)

n=0

o0
™ e D(A)™M), ) A3, < oo} ,

n=0

o0
2, 2
IFlIg, : =D nlA® M5, Fe Ga.
n=0
The main objective of this paper is to study and characterize the space Ga for a special choice of A.
To this end we first lift the rigging in (2.1). Therefore we need the following lemma.

Lemma 2.4. Let (A1,D(A7)) and (A2, D(A2)) be two closed and densely defined linear operators on
H satisfying ||Aif|ly, > ||f|ly for all f € D(A;) and i = 1,2. Assume that D(A1) is continuously and
densely embedded into D(A3), where both spaces are equipped with ||Aq-|y, and |[Az-||y, respectively.
Then the space Ga, 1is densely and continuously embedded into Ga, .

Proof: This follows as in [15, Chapter 3.B, p.54-55]. O

From the theory of closed and symmetric bilinear forms, see e.g. [26], there exists for every p € IN a
linear closed and densely defined linear operator (Ap, D(A;)) on H s.t. for all p € IN and f,g € H, it
holds (f,g), = (Apf,Apg)%. By the previous considerations and Lemma 2.4 we can form the Hilbert
spaces (Hp) := Ga, together with their dual spaces (H-p) = (Hp)', p € IN, and obtain the chain of
continuous and dense embeddings

(V) C (Hp) C (Hq) C L2 (1) C (H—q) € (H—p) CN), p>gq,
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where (N) = ﬂpelN(Hp) is equipped with the projective limit topology of the spaces ((’Hp))pG]N,
also [28, Section IL5.], and (N)" = J,cn(H—p) is the dual space of (N) carrying the inductive limit
topology of the spaces ((H,p))pE]N, see also [28, Section II.6.]. The dual pairing between elements
Fe (N)and @ € (N)' is denoted by ((F, D)) := ®(F).

see

We now specify the assumption on an operator (K, D(K)) for which we want to study the space Gk and
its dual space in greater detail.

Assumption 2.5. Let (K,D(K)) be a densely defined self-adjoint operator on H with the properties:

(i) The spectrum spec(K) of K satisfies spec(K) C [1,00),
(11)) N C D(K) and the closure of (K,N') equals (K,D(K)), i.e., N is a core for (K, D(K)),
(i11) K: (N, T) — (N, 1) is continuous and bijective.

For an operator (K, D(K)) satisfying the Assumptions 2.5 we denote by (K%, D(K?%)), s € IN, the closure
of (K8, NV) defined on H. In particular, (K%, D(K?®)) satisfies the Assumptions 2.5, too. Thus, by the
same arguments as above, for such an operator (K, D(K)) we define Gy s := Gxs and Gk _s := QIQ‘S. Once
more, we obtain the continuous and dense embeddings

Gk C Gks COk1 CL2(1) C G 1C Gk, s CGky s>1,

where Gk = [\,ew Yk,s is equipped with the projective limit topology of the spaces (Gk ) and
Gx = Usen Gk,—s is the dual space of Gk carrying the inductive limit topology of the spaces (G, —s)¢c-

Definition 2.6. For ® € (N)/, its S-transform is defined by
SO:N = C, ¢ — (exp((@,));, D)),

where :exp ((@,-)): = > T% (@®™,:®) = exp ((@,-) — % (@,9)) € (N) is the Wick exponential of
@ eN.

n=0

For the next theorem, we need the notion of U-functionals:
Definition 2.7. A map U: N — C is called a U-functional, if the following two conditions are fulfilled
(i) U is ray-entire, i.e. for all @, € N, the function
R >x— Ulp +x)

extends to an entire function on C,
(i) U is uniformly bounded of exponential order 2, i.e. there exist 0 < A;B < oo and p € N s.t. for
all @ € N and A € C it holds

U(A@)| < Aexp (BIA* [[@]%),

here U denotes the extension of U to Ng given in (i).

The following important characterisation theorem shows that there is a bijection between (N)’ and the
set of U-functionals. For a proof see [18, Theorem 11].
Theorem 2.8. The S-transform is a bijection between (N)' and the set of U-functionals.

Our goal is to characterize the spaces Gy s, s € Z, in terms of U-functionals. To this end we first explain
how the pairs of spaces ((N), (NV)’) and (Gk, Gy ) are related. To this end we apply Lemma 2.4.
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Lemma 2.9. Assume (K,D(K) satisfies the Assumptions 2.5. The space (N') is continuously and
densely embedded into Gx. Hence the following chain of continuous and dense embeddings holds true

(M) C Gk S () SGr C (M) (2.9)

Proof: Let s € IN be arbitrary. Since K* : (N,d) — (N, d) is continuous there exists a p € IN and
K € (0,00) s.t. [[Ko@ll5y < K[[Apoll,, for all @ € M. By the closedness of (K%, D(K*)) and (A, H,y)
we obtain that the norms [[K*:||,,, [|Ap-||;, are compatible on /. Thus we obtain that (A7, D(A1)) =
(Ap,Hyp) and (A2, D(A2)) = (K®, D(K?)) satisfy the assumption of Lemma 2.4. Therefore we obtain the
dense and continuous embedding of (Hp) into Gk s. The first embedding in (2.9) follows now by the
definition of (N) and Gx. The second embedding follows by the same argument for (K, D(K)) and the

identity operator on H. The remaining assertions follow immediately by the previous ones. ([l

Observe that the triple (N, H, (K, D(K))) determines our probabilistic set up (2.9) completely.

Definition 2.10. Let m € IN and (1), C N be an orthonormal system in H. We call

P:N¢ — Ng, Pni= Z (@1,M) @i

i=1
an orthogonal projection from N, into Ng. We denote the set of all orthogonal projections from N{.
into Ng by P.

Recall the measure p1 on N/ from above. On the complexification N, = N/ x N’ we define the product
2
measure Vv = 1 ® pi. Now we can formulate the following characterisation of the spaces Gk and Gy
2 2
which is the main result of this paper.

Theorem 2.11. Let (K,D(K)) satisfy Assumption 2.5 and ® € (N)' or equivalently let U be a U-
functional s.t. ST'U = ®. Then for s € Z the two statements

(i) @ € Gk,
(i) sup [ [U(KSPn)[v(dn) < oo
PGIPNé
are equivalent. In particular, the following two equivalencies are true.
(i) ®egk = VseN:sup | IU(KSP)? v(dn) < oo.
PEIPNé
(i) ® € Gf <= 3s € N:sup [ [U(KPn)[*v(dn) < oo.
PGIP/\[é

In particular, for K=1d and ® € (N)" we obtain the following equivalence

® € [*(u) & sup J IU(Pn)?v(dn) < oo.
PeP
¢
Before proceeding we present some typical examples of the functional analytic framework (H,N) as
well as interesting choices for (K, D(K)). In particular, in Example 2.12(ii) we show how to construct
the necessary nuclear rigging (2.1) for typical examples arising in the contexts of stochastic partial
differential equations, see Section 5.2.

Example 2.12. (i) Let di,dy; € IN. The real Hilbert space H := L2(RY;R%) and the nuclear
space N' = S(RY:RIY2) of square integrable functions and Schwartz functions mapping from
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R4 to RY2 respectively. Different examples for a family of seminorms (H'”p)pe]NO defined
on S(RY1;RY2) satisfying the assumptions above can be found in [26, Appendix to V.3]. For
di = dy = 1 this setting is called the standard White noise setting. Observe that the process

xd
(< (®{1;1 1 [O,ti]) : , >> y C L2(N', ) is modification of a (dy, d)-Brownian sheet.
t v'“)td] =

(i) Let d1,d; € IN. More generally as in (i) assume that o is a tempered measure on R, i.e.,
i wo(dé) < 00 for some m € IN, which has full topological support on RY. Define H to
R4
7
be the completion of N := S(RY;R%2) w.r.t. the norm ||@|y = ( | |Fol? do‘) , where F
R4

denotes the component-wise Fourier transform and |-| the euclidean norm on R4, Let (Nl Jpen
denote a increasing family of consistent seminorms on S(RY;R92) inducing the Schwartz space
topology. Since o is tempered there exists a ¢ € IN s.t. max{|[@|[(1(gas gaz) [[@ll} < [l@llq for
all @ € S(RY,RY2). From the full support of ¢ and the continuity of F : L'(RY, RI2) —
L2 (RY,R2) one concludes the consistency of the norms Ilq and |||l on S(R41;R%2). Thus

in the sense of Gelfand triples we obtain the dense embeddings
S(RY;R%2) C Hq CH CHogq CS'(RI;RE).

Consequently we obtain the Gaussian measure p on S'(R41;RY2) with covariance (-, )y, i.e., u
satisfies

J exp(i (0, w))p(daw) = exp(—~ (@, @)a), @ € SRY;R%).

2
S’(Rd“)

In particular, the elements from the first order chaos (h,-) € W3 C L2(S/(R4:R92), u), h € H,
define a Gaussian process index by H. In this way a huge variety of Gaussian processes, such
as fractional Brownian motion, can be constructed.

(iii) An important choice for the operator K is given by a multiple A > 1 of the identity operator 1d
on H, i.e., K= Ald. The space Griqg was systematically introduced in the White Noise setting
in [25]. An important feature of Gaq is that this space is densely and continuously embedded
into the Meyer-Watanabe space D, see the last mentioned reference. Thus, elements from Giiq
are infinitely often Malliavin differentiable and the Malliavin derivatives of arbitrary order are
contained in LP(N' 1) for every p € [1,00).

3 Generalised Chaos decomposition and Gaussian Analysis on Com-

plex Spaces

In this section we state some additional aspects of Gaussian Analysis. For further reading, see e.g.
[15, 22, 2, 19].

3.1 Generalised Chaos decomposition

Next we generalise the chaos decomposition (2.8) of elements from L?(u) to elements from the dual
spaces Gk —s, s € IN. Let s € IN and recall that Gx s is isometrically isomorphic to I'(D(K*)). Hence,
! ~

the dual space g]gs = Ok,—s is isometrically isomorphic to I'(D(K®))" = I'(D(K®)’), where = denotes
an isometric isomorphism and D(K®)’ is the dual space of (D(K®), (K®-,K®-)3/). Observe that D(K®)’
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is isometrically isomorphic to the completion of # w.r.t. the inner product (K™%, K7%:),,. An element

® € Gk,—s which is in correspondence with (d)(“)) € I'(D(K®)’) we also denote by

TIEINO
oo

O = Z <(D(n), :-®“:> . (3.1)
n=0

The correspondence in (3.1) is called the generalised chaos decomposition of ®. The dual pairing

[e.e]
between ® and an element 1 € Gy s with chaos decomposition P = }_ <1|)(“), :-®“:> is given by
n=0

(b, @) = 3 i (w0, (3.2)
n=0

where the dual pairing <1|)(“), (D(“)> on the right-hand side of (3.2) is the one between the Hilbert space
(D((K*)®™), ||(K$)®™]|,,) and its dual space D ((K$)®")' for n € No.

From Lemma 2.9 we obtain that an element ® € Gy has a well-defined S-transform S® : N'— C. If

(o ¢]
® € G¢ has the generalised chaos decomposition ® = )~ <®(“), :-®“:> then the S-transform is given by
n=0

SO(o) :Z<¢>®“,<D(“)>,<p € Ne. (33)

0

3.2 Gaussian Analysis on Complex Spaces

In this part we briefly present the analogon of the orthogonal decomposition of L?(p) for a closed
subspace E2(v) of Lz(Né,v). The major difference between the space L2(p) and E2(v) is that in the
latter case there is no need for using Hermite polynomials, see Proposition 3.2. The underlying reason
is that the monomials of different order automatically form an orthogonal system in L*(C, e l7leuc dz).
The proofs of the next two propositions are elementary and therefore we skip them.

Proposition 3.1. Let @1,...,¢on € N, n € N. The image measure of v under the map

Torrmon NG — €y = ((@4,M));

=1,...,n

s absolutely continuous w.r.t. the Lebesque measure dz on C™ and has the Radon-Nikodym derivative

dvoT;! 1
P1yeeyPn —z'Cz n
z) = —e zeC
1z (z) p— ;

where C = (((pi) Qj)H)]Si,an € R™™.

The space of polynomials P(N() on N, is given by collection of all functions G : N — € which are
given as G(n) = p({@1,M) , ---, (®k,M)), where p is a complex polynomial in k € IN variables and ¢; € N,
fori=1,.., k.

Proposition 3.2. Let m,n € N, @, € N. Then it holds
(<(P, .>n ) <l|)> '>m)[_2(y) - 6m,n -nl- ((p®n’.q)®n)7_l. (3-4>

In particular, P(N{) C L2(v).



10 4 Proof of Theorem 2.11

Similar as in the derivation of Theorem 2.3, for f™ e 7—[%” we can define an element in L?(v) denoted
by <f(“), -®“> which is given as the L?(v)-limit of polynomials, i.e.,

lm

(fem) = i, Dot (@) € L),

where I, € N, oxm € C, @m € N for all k =1,..., 1, m € IN, and it holds

lm
m) _ 1; N @m
= T&gnoo % Xiem Py € He -

In particular, the orthogonality relation (3.4) stays valid in the limit case, i.e., for ™, g™ ¢ H%n it
holds

(n) .@n (m) ®n _ ol (£ L)
(<f , >,<g , >>L2(V) dmun -l - (™9™ ). (3.5)

In contrast to the real case, the polynomials P(N{) are not dense in L2(v). Their closure is the so
called Bargmann-Segal space E2(v), see also [12], which is given by

E2(v) = P(Né)LZ(V) = {i <g(“), -®“> | g™ e H%n, in! Hg(“)H; < oo}.
n=0

n=0

4 Proof of Theorem 2.11

This section is devoted to the proof of Theorem 2.11, which is our main result.

Recall the chain of continuous embeddings from (2.1). This chain lifts to the n-fold symmetric com-
plexified tensor powers, see e.g. [15, Chapter 3.B], i.e, we obtain continuous embeddings

NE™ CHIE CHIE CHE CHIG o CH o SN p 2 g,

where /\/'g@n = Mpen ’HSE is equippedAwith the projective lAimit topologyA of the Hilbert spaces Hﬁg,
p € N and N/P" is the dual space of N&™ which satisfies V@™ = Upen 7—@; ¢ and carries the inductive
limit topology of the spaces ”Hg‘) o pEeEN.

The operator K : ' — N was assumed to be bijective and continuous, hence by the inverse mapping
theorem K%, s € Z, is also continuous, see [27, Corollary 1.2.12(b)]. By the same procedure which
leads to tensor powers of operators between Hilbert spaces, we can define (K$)®™ for s € Z and n € IN
as a well-defined, linear and continuous operator on /\/’gn. Observe that (K$)®™ is bijective from
NE™ into itself. Observe that the tensor powers ((K*)®™ D((K$)®™)) are self-adjoint on HE", where

D((K$)®n) = ’H%n if s <0, for all s € Z. Hence, for all s € Z and n € IN we can define an extension of
(K$)®™ to NEE™ in the following way:

(K™ s NN 5 NN D 1 (KO0 i= @ o (KO, (4.1)

For the next proposition recall that every element ® € (A')’ has a generalised chaos decomposition

O=3 <<D(“), :-®“:> where for some p € IN it holds ®™ e 7—@;‘@ - /\/'é@m for all n € INy.
n=0 ’

Proposition 4.1. Let s € Z. Then it holds

Gis = {cp = i (@M,5m) € (V)

n=0

~ 0 2
(K=o e HE™ Y nl H(Ks)®“®(“)HH < oo} L (4.2)
n=0

where (K$)®MOM in (4.2) is defined via (4.1).
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Proof: Denote the set on the right-hand side of (4.2) by As. We split the proof into two parts. First let
s be non-negative. In this case the inclusion Gx s C A follows immediately by the definition of Gk s. Now
[o¢] ~ o0
let ® € A, ie., @ = ) <®(n),:~®“:> € (V) st. (K@M € HE™ and Y n! H(KS)®“®(“)H; < 00
n=0 n=0
To prove that ® € Gy it suffices to show that oM ¢ D(KS)®Tl for all n € IN. By assumption, for all
n € IN there exists a p™ € HE" s.t.
(Q(n))q)(n))}[ — <(p(n)) (K5)®n®<n)> _ <(KSJ®n(p(nJ)(D(nJ>’ Vo™ e NE™.
Using [26, Theorem VIII.33] we obtain that (K$)®™": D((K$)®") — 7—[%” is bijective and self-adjoint.
Hence, we can find a p™ € D((K*)®") s.t. (K$)@ W = ™. From the self-adjointness of (K$)®" we
can conclude ®™ =pM) where  is the natural complex conjugation on the complexified vector space
HE™, which finishes the proof for non-negative s.

[[(k=syem
For the second part we replace s by —s, s € IN. Recall that Gx s = I'(D(K*)’). Denote by 7—[®n

the abstract completion of HE™ w.r.t. |[(K™)®™||. One easily checks via the Riesz isomorphism that

H®“”Ks®n IS o lim ((K$)®™ (K)Emo™ D((K*)®™)’ 4.3
5 (@ )en = lim (K9, (K)M0) e (D((K®™) (4.3)

is an isometric complex conjugate linear isomorphism. Hence, the inclusion Gk s € A_s follows. Now

o0
let ® € A_ with generalised chaos decomposition ® = }_ <<D(“),:-®“:>. It suffices to show @M ¢

n=0

(D((K*)®™))’ for all n € N. By assumption, for every n € IN there exists a p™ e ’H%n S.t
<(p(ﬂ))(D(ﬂ)> — <(K—s)®n(KS)®n(p(n))q)(n)> — <(KS)®%(H)’¢(H)>H’ Vo™ e NE™.

Since D((K%)®M) = (K_S)®“H%“ is dense in H%n there exists a sequence (Xlin))ke]N in ”H%n s.t.
(K_S)®“X](<n) — ™ as k — oo in HE™ for all n € N. Hence, by (4.3) we obtain @™ ¢ (D((K$)em))
which finishes the proof.

0

m
Now let n € IN and P € P be given by P =} (@j, ) @j, where (cpj)j"; C N is an orthonormal system in
=1
H. We consider P as an orthogonal projection on H¢ onto the closed subspace spang{®j,j = 1, ..., m}.
Observe that the n-th tensor power P®" of P defines a orthogonal projection onto the closed subspace

spang {®?:1 @, 131 €{1,...,m} for i = 1,...,n} of H%n, where

1 ](ph | Z ®1 1@)61
'GeSn

and $,, denotes the set of all permutations of n elements in the following way. We extend P®™ to a

. / .
linear operator on N{*™ via

pon . N’®“ —>./\/'§“,(D — Z <®m1(p®°“ <D> 1(pf§“‘.
«el0,1,..nm
g xXi=n
i=1

Observe that for n € IN, @™y ¢ Né®“ and P € P given as above it holds <P®“(D(“),\l’(“)> =
<p®nxy(n)) q)(n)>‘
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Lemma 4.2. Let @™ ¢ /\/"®n n € Ny, fulfil sup Z n!|PEr@M||2 < co. Then it holds
PeP n=0

(e} (o)
qn(“]) ET(H) and sup S nl|[PE"OM™|2, = S nijj@ ™2,
G sup Y niIP@ = 3 ntjo

Proof: Since N is separable we can choose a dense set {€xlxew of N. Applying the Gram-Schmidt

procedure to {€Jxew we obtain a orthonormal basis (ex)xew of H s.t. ex € N for all k € IN. De-
1

fine for 1 € IN the projection Py := Y (ex,-)ex € P. By assumption we know that the sequence
k=1

((P®“(D )n e]N)l N C T'(H) is bounded. Therefore we can find a weakly convergent subsequence
€

((P®“ )new>m€m with weak limit (g™

11]’1

)nelNo € I'(H). In particular P{‘i:‘q)(”) converges weakly to

g(“ € 7—[@ as m — oo for all n € Ny, i.e.,
<(p(“),P{8:d)(“)> = (@(“),P{?Il@(“))H oo, (@“%W)H for all @ € H%n.

o —

[e.°]
It is clear that @™ and g™ coincide as distributions on the set {®°° 2 e NN S oy = n} which

i=1 1
i=1
is total in Ngn by the choice of (ex)xen. Thus @M = g(“) € ’H%n.

The last part of statement follows by the weak lower semicontinuity of the norm and the fact that for
P € P the restriction of P®™ to H%n is an orthogonal projection. O

Now we are ready to prove the main result.
Proof of Theorem 2.11: Recall that Gk = ﬂse]N Ok,s and g{< = Use]N Ox,—s. Hence, it suffices to show
for s € Z that it holds

® ¢ Gk,s & sup J |S®(K5Pn)|2v(dn) < oo0. (4.4)
PelP

’
C

We make some observations which rely on (3.3), (3.5) and Lemma 4.2. Now let s € Z and ® =
> (@M :.8n) € Gy o, Then it holds
n=0

2
D[R =Y nlf(K)=m0™|3,

nelN
2

—sup 3 PR O =sup | |3 (PRI o) | v

Pe]PnE]N PeP nelN

Ne
2

—sup [ | 3 (kP @) vidn) =sup [ ISO(Pr)P V()

PeP nelN PeP

N¢ N¢

o0
Now let ® = 3 <d)(“), M) € (N)'. The same calculations yield

n=0
2

sup [ S0P vien) = sup | |3 ((KPn* 0] vidn)

PclP PeP nelN
e i
2
:SUPJ Z <P®n(KS)®n(D(n))n®n> v(dn)

peP , ImeN

N¢
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=sup Y nl[[PTM(K)EM M3,
PelP nelN
in the second line we used the definition of (K$)®™ given in (4.1). Hence, if the left-hand side is finite
we obtain by Lemma 4.2 that ((KS)®“(D(“))HE]N € I'(H) which implies ® € Gk s by Proposition 4.1. [

From the proof of Theorem 2.11 we seek the following corollary.

Corollary 4.3. Assume the assumptions of Theorem 2.11 are satisfied and ® € (N)'. Let (ex)ken be

an orthonormal basis of H contained in N which is chosen as in the proof of Lemma 4.2. Further for
1

le N let Py:= Y (ex,-)ex € P. The real sequence [ ISO(KSPm)>v(dn), 1 € N, is increasing in 1.
k=1 N
Thus, the limit as 1 tends to infinity exists in [0,00]. Further, for s € Zi the statement

l—o0

N¢

lim J SO (K*Pm)I* v(dn) < oo, (4.5)

is equivalent to the statements in (4.4). If (4.5) is satisfied we also obtain

|®|% ; = lim J SO (K*Pm)[* v(dn) < oo.
) l—o0
Ne
Remark 4.4. Via the spectral theorem for self-adjoint operators one could also introduce the space Gy s
for s € R. In the proof of Theorem 2.11 we used that the operator K8, s € Z, maps N continuously

into itself. If for s € R the operator KS maps N continuously into itself the exact same proof as above
also leads to the corresponding statement in Theorem 2.11 for s € R.

5 Applications

5.1 An Equation from Turbulent Transport and its Regularity

In this section we shall apply the derived characterisation to an equation from turbulent transport.
Until the end of this paper, we specify our general setting to be the white noise setting, i.e., H = L*(R)
and N' = S(R), see Example 2.12(i). Hence, we write S’(R) for N/, the measure p is called white noise
measure. We consider the case K = v/2Id. The number v/2 is arbitrary and any number y > 1 leads
to the same space § = G 514 and its dual space G = g\’md. For s € Z we simply write G instead

of Gks. These spaces were introduced and studied in [25]. Thus, we obtain that the elements oM,

o0
n € Ny, from the generalised chaos decomposition of an element ® = >~ <(D(“),:-®“:> € Gy satisfy
n=0
oM e Lé(Rn). In particular, if ®™ = 0 for all but finitely many n € Ny then we directly obtain
® € L%(pn). Observe that for the choice of the operator K = v/21d the additional assumption in Remark

4.4 is obviously satisfied. Hence, in this case we formulate Theorem 2.11 as follows:

Corollary 5.1. Let ® € (N)'. Then for s € R it holds

® e Gs if and only if sup J ‘S(D(Z%Pn)
PeP
Sg(R)

2
’ v(dn) < oo.

In particular, the spaces G and G' are characterised as follows:

(i) e Ge=VYA>0:sup [ [SOAPH)*v(dn) < oo.
PeIPsé(]R)
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(i) ®e G &= 3e>0:sup [ [SO(ePn)f?v(dn) < oo.
PEIPSG’:(]R)

For the rest of this subsection let us fix a Brownian motion (By)¢>o which rises from the Kolmogorov
continuity theorem as a continuous modification of the family (<1[0,t], >) >0 & [%(1). We denote the
natural filtration of the Brownian motion (Bt)i>o by (Ft)i>o, i-€., Ft = 0(Bs | s € [0,]), t > 0.

In [4, 24, 6, 11, 20] a parabolic SPDE modelling the transport of a substance in a turbulent medium
is treated via white noise analysis. There the authors search for a solution u : R x R4 x Q :(—
R, (t,x, w) — u(t,x,w) describing the concentration of the substance, where t stands for the time, x
for the position and w for the random parameter which will be suppressed in the following. For sake
of simplicity, we only consider here the one dimensional case d = 1. All calculations below generalise
to the multidimensional case. The SPDE under consideration is given by

autyx 1 azut,x aut)x .
Tale Ev(t) ™ + ™ o(t)By, t>0,xeR (5.1)
u(0,-) = do, (5.2)

where v describes the molecular viscosity of the medium and dB: denotes the Ito6 integral w.r.t. a
Brownian motion (Bt)¢>o modelling the turbulence in the medium. The initial condition (5.2) is a
physical idealisation that at time zero the substance is only concentrated at the point x = 0. Thus, we
obtain an analogue of an integral kernel of the SPDE (5.3), as known in the field of partial differential
equations. Hence, more realistic and even random initial conditions can be realised via convolution, see
Remark 5.7 below. In [4, 24] the stochastic integral is treated in the Stratonovich sense and existence
of an [2-valued solution 1y is shown. The Ité case is also treated in [4, 24]. In [4] the solution is
constructed as a generalised Brownian functional, see the last mentioned reference as well as [14] for
the precise meaning. In [24, 6] the solution wu, is constructed in the space of Hida distributions (N)’.
Furthermore, in the last mentioned reference explicit conditions on v and ¢ in terms of Holder regularity
are given, such that ugy € L2(w).

In the following we use Corollary 5.1 to improve the results in [24] by giving explicit conditions on the
coefficients v(t), o(t) s.t. wx € Gs C (N)’, s € Z, see Theorem 5.2 below.

To formulate (5.1), (5.2) in terms of white noise analysis we introduce the white noise process (Wy)¢>o C
(S)’. The element wy is given by its generalised chaos decomposition wy = (8, -), where &; € S’(R)
denotes the Dirac delta distribution at t > 0. Furthermore, we introduce the Wick product on (S)’.
For @,V € (S)’ we define the Wick product ®oV¥ € (S)’ via the S-transform, i.e., S(OoV¥) = S(D)S(V¥).
Observe that the product of two U-functionals is again a U-functional, hence, ® ¢ ¥ is well-defined by
Theorem 2.8. A rigorous interpretation of (5.1), (5.2) in terms of white noise analysis is now given as
follows. We search for a map uw: Ry x R — (N)’ fulfilling

aut)x 1 azut,x aLLt,X
Yale Ev(t) ) + o(t)wi o ™ ,t>0,x € R, (5.3)
(Sut,. (@)~ is a Dirac sequence for all @ € S(R). (5.4)

The initial condition (5.4) means that for all @, g € S(R) the following is valid

t—0
R

i | St (0)g(x) dx = g(0)
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We explain the connection between the Ité term in (5.1) and the so called Hitsuda-Skorokhod term
o(t) a%f owy in (5.3) in Remark 5.7 below. In the following we denote by R the extended real numbers.

We formulate our existence result in the next theorem:

Theorem 5.2. Assume that v : [0,00) — R is strictly positive and locally integrable and o : [0, c0) —

[ o?(s)ds
[0,t]

R is locally square integrable. If the function (0,00) 3 t — k(t) := Tea € R is bounded in the

v(s)
[0,t]

vicinity of O then for every T € IN there exists an s € R and a map
u:(0,T] x R — G

satisfying (5.4). Furthermore, for dt-a.e. t € (0,T] and all x € R the map u is once differentiable
w.r.t. t and twice differentiable w.r.t. x at (t,x) and satisfies (5.8). In particular, for s € R and
t € (0, T] satisfying 2°x(t) < 1 it holds uyx € Gs for all x € R.

Proof: The same computations as in [23, Section 5] yield a candidate for the S-transform of u:

1 1

2
Suix(@) = mexp <_219(t) (X - <1[0,t}(7) (P>) ) , @€ S(R), (5.5)

where 9(t) = [ v(s)ds, t > 0. One easily sees that (5.5) defines a U-functional satisfying (5.4). Via
Theorem 2.8 \[;)/,: obtain the element uyyx € (N)’ having S-transform given by (5.5). If [ v(s)ds =
| o(s)? ds the corresponding Hida distribution Uy is given by Donskers delta 6X(<1[;:j o, ->), see
[e(r).’g. [19, Example 13.9.]. The fact that uyx satisfies (5.3) in the weak sense is proven [23]. In the

remaining part of the proof we show that for all T € IN there exists an s € R s.t. uyx € G, for all
(t,x) € (0,T] x R.

We divide the proof into two separate parts. In the first part we show that u is differentiable and
satisfies (5.3) in the above mentioned sense. In the second part we show that for all T € IN there exists
an s € Rs.t. uyx € Gs for all (t,x) € (0,T] x R.

Part 1: To show that u is differentiable and satisfies (5.3) in the above mentioned sense we use [15,
Theorem 4.41.]. We only show that u is differentiable w.r.t. t at every (t,x) € D x R, where (0, T] \ D
is of Lebesgue measure zero. The treatment of the derivatives w.r.t. x is easier and can be done by
the same procedure. The fact that uy satisfies (5.3) can be seen by considering the corresponding
equation for the S-transform Sui,. We make the following observation. Let ¢ € S(R) and T € IN.

Via the fundamental theorem of Lebesgue calculus, the functions ¥ and t — p(t) := [ o(s)@(s)ds
0,t]

are absolutely continuous and differentiable at dt-a.e. t € (0, T] with respective derivatives v(t) and

o(t)e(t). Theset of allt € (0, T] s.t. ¥ and p are differentiable at t we denote by D;. Hence, Su(-,x) (@)

is differentiable at t € Dy and for a zero sequence (hp)nen , 8.t. |hn| < %, it holds

M = lim Su(t 4 hn, x) (@) — S(utyx((p)
at _Tl—>oo hn
2
! 1
ot | x| eetoras
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V(t)
(0,t]
Hence, for z € C we obtain the estimate
0Sux(z@) 1 o ”L
el < o [ St P ol
t 29(t)2V2n (t)

2
V(X + llollz 12l ell2)
5(0)

2 2 2
x| 1+ 2R oIz ot + (1x] + ol 2l ollz) -+

1 ol
< exp T! ol
29(t)3V2m 9(t) L

2 2 2
Crexp ([0l |2 ol )

x| 0]+ expllz [ @l1Z ) ot + Cr explllol 212 @lE) + [v(1)] 500

< Cs(t)exp (Ca(t) 2 o] ) (Mo + e +1)

where HHL% denotes the L2((0, T))-norm, |-l the L®(R)-norm, p € N is chosen s.t. for all ¢ € S(R)
it holds mas {1 0llz [l } < 1]l = AP @]2(g, and

C
max {C], 1+ W‘l)}
29(t)3v2m

Observe that C; and Cj are decreasing. Applying the fundamental theorem of Lebesgue calculus to
Su(-, x) (@) it holds

C; =max{2[x|,2}, Cit)= |]G||f%+1+||0||%%, Ci(t) =

1
3(t)

’SU(t+hnaX)((P)_S(ut,x(@)‘_ | J oSu(s,x)(¢)
hn

<C3 G) exp <Cz( )!z! el ) \hn\ J [v(s)| + o%(s) + 1ds

JF

Via the fundamental theorem of Lebesgue calculus it holds for dt-a.e. t

C4(t) := sup — ]

SUP T J |v(s)| + o%(s) + 1ds < oo. (5.6)

[t,t+hn]

We denote the set of all t € (0,T] s.t. (5.6) holds true by D,. We conclude that for t € D := Dy N D,
it holds

[ Sult o, x) (@) = S(ux(@)
im exists,
mn

n—0o0 h

Su(t + hy, x) (o) —5(“@*(“’)‘ < C3 (;) C4(t) exp <Cz< ) 12l |l >

hn
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Now we apply [15, Theorem 4.41.] and obtain that u is differentiable w.r.t. t at (t,x) € D x R. The
first part is finished.

Part 2: It is left to show that for every time T € IN we can find an s € R s.t. uyx € Gs for all t € (0, T]
and x € R. We prove this by using Corollary 5.1. To this end let P =€ P be a projection as in
Definition 2.10, 1y + in, =n € Si(R), where 17,12 € S/(R) and & > 0.

We obtain

2
1

|Sut,x(€Pn)|2 = WMGXP <_28(t) (X_ € <1[O,t}‘7» Pn>)2>

2
1 1 ,
= mexp <_2{)(t (x—e(P(1py0),m)) )‘

1 2 2 2
~ 2wt P <_19£(t) (% - <P“[°»ﬂ0)’m>> > exp (19?’() (P(110,40),m2) )

Now we calculate the integral of S () (sP')I2 w.r.t. the measure v = 1 @ ni. Observe that the law
2 2

—_—

—1

P(1 . . . .

M1 <||P([Ot||)’ > is the centered Gaussian measure with variance % Thus we conclude
0,t]0 L2 (R)

J S () (P dv(n)
SL(R)

1 e x 2 ,
:m(t)ﬂiexp (_19(t) (g — Y HP“[O,t]O-)HLz(R)) ) exp (— [y1] ) dy;

o [ (S IPOaeo ) o (2P avs
Znﬁ(t)nR 3t 2 0,t1° ]l 2(R)

2 2
1 € HPU[O,t}G)HLz(R) 2£XHP“[O,‘L}G)HL2(]R) x?
- — |1 2 — d
(U i P i 3(1) vy (1) SN I
1 € HP 0t HLZ(JR)
S — — 1= 2] dy,. 5.7
8 Znﬁ(t)n,[ exp (1) g2 | (5:7)

From this point we see that a necessary condition for sup [ [S (ugy) ePn)lzv(dn) to be finite for

PEP S¢(R)
2||P0,u0)||} 2 2 ||Po,u0)]} 2(r
some ¢ > 0 is that 1+ {;(t) LC®) > 0. Since a ) < ¢2¢(t) we choose € > 0 s.t.
0 < e?k(t) < 1. Now we can evaluate the Gaussian integrals in (5.7) and we seek
exp (3 [P0,z ) ¥
5 P\ =50 1 € 0,807 2(r) *
5 () (P dvin) = —5 ot — e | —— : 2
SR £4HP“[°»HU)”L2(1R) 19(’&)8 HP(][O»’E]G)HLZ(IR] +19(t)
We conclude by Corollary 4.3 that for 0 < e2k(t) < 1 it holds
2 2 2
exp <_ﬁ> 1 e {110,002 gy
sup |18 (e (cPr)v(n) = )
Pe

exp 5
O [ el A0 ool 907

S¢(R) S
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Observe that by the assumptions on the coefficients v and o it holds that (0,00) > t — k(t) € R is
continuous. Consequently, by assumption k is bounded on finite intervals (0, T], T € IN. Hence, for
every T € IN we can choose € > 0 s.t. 0 < e2k(t) < 1 for all t € (0, T]. Eventually, we conclude by (5.1)
that for s € R satisfying 2% = ¢ it holds

Uy € G, for all t € (0,T],x € R.

In the case k(t) < 1 we can choose ¢ > 1 which implies ux € L2(w). O
Remark 5.3. (i) Asobserved in [24], the solution 1y passes through Donskers delta 6X(<1 0,410 ->)
each time k(t) passes through the value 1. In particular, the solution u satisfies
e L?(u), if k(t) <1,
Utx § = 6X(<1[O,t]0—) >)) if k(t) =1,
eqg’, if k(t) > 1.

In the case k(t) < 1 the solution uyy is explicitly given by, see [24, Equation (3.13)],

Uy = | 27 J v(s) — o%(s) ds exp —(2 J v(s) — o?(s) ds)_] (x — <1[0’ﬂcr, ~>)2
(0,t] [0,t]

N|=

In particular, in the case k(t) < 1 Lemma 5.6 below implies that a version of uy is measurable
w.r.t. Fi.

(ii) Observe that the calculation in the proof of Theorem 5.2 shows that Donsker’s delta dy((f,)),
x € R, f € L?(R), is an element of G, for all s < 0 and &, ((f,-)) & L?(n).

o0
In the following let ® = >~ <d)(“), @M)€ G'. Recall that the S-transform of @ is given by
n=0

oo
s0() =Y (o 0M) (5.8)
n=0
and the dual pairing <(p®“,®(“)> is given by the scalar product <@®“,®(“)>L2(R - Hence, the S-

transform of @ admits a natural extension to L?(R) which is also given by (5.8). The next lemma
follows immediately from the polarisation identity.

o0
Lemma 5.4. Let ® = )_ <(D(”),:-®“:> € G' and I C R be measurable. Then the following are equiva-
n=0

lent:

(i) supp(®™) C I™ for alln € IN.
(ii) SO(@) = SO(11¢9) for all ¢ € S(R).

o0 ~
Lemma 5.5. Let F = )_ <F(n),:-®“:> € 1%(n) and I C R. Then there exists a version F of F which is
n=0

measurable w.r.t. o((&,-),& € S(R), supp(&) C 1) if and only if supp(F™) C I for alln € IN.

Proof: It suffices to prove the statement for F = <F(“), :-®“:>, n € IN. Necessity can be proven as in
[14, Proposition 4.5.]. Sufficiency follows from construction of the element <F(“), :-®“:> e L2 (p). d

For the next lemma recall the Brownian motion (By)¢>0 as well as the corresponding natural filtration
(Ft)i>o defined above.
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Lemma 5.6. Assume that F : S'(R) — C is measurable w.r.t. Fy, t € [0,00). Then there exists a
G : S'/(R) — C which is measurable w.r.t. Ay := o((&,-) | & € S(R), supp(&) C [0,t)) and it holds
F =G u-a.e. and vice versa.

Proof: Using [3, Corollary 2.9] it suffices to show that a version of Bg is measurable w.r.t. A; for
s € [0,t] and that a version of (&,;-) is measurable w.r.t. F; for & € S(R) with supp(&) C [0,t). Both
statements follow by the construction of <1 0,5]> > e L2(n), s € [0,1t]. O

Several remarks are in order.

Remark 5.7. (i) Let f: R — G’ be given s.t. for (t,x) € (0,00) x R the map
R>ym~ fly)ou(t,x—y) eg’

is weakly in L'(RR, B, dx), where B is the Borel o-field and dx the Lebesgue measure on R, respec-
tively and w is defined in (5.5). Le., for every F € G it holds that R 3 y — (F, f(y) o u(t,x —y)) €
C is in L'(R, B, dx). Then we can define the Pettis-integral

ul = Jf(y) ouny dy € G, (5.9)
R

see also [15, Proposition 8.1] and [25, Proposition 2.6.]. Under additional assumptions on f we
obtain that u' satisfies the initial condition uf = 1iH(1) ufl = f(x) for all x € R. If we assume
b t_) Y

that the time and space derivatives %, d% and ;722 commute with the Pettis-integral (5.9) we
obtain that u': R>o x R — G’ satisfies (5.3) with the initial condition u&x = f(x).

(ii) If we assume for the sake of simplicity that the initial data f in (i) is deterministic and an element
from S(R), all steps in (i) are justified and we obtain that us given by (5.9) is an solution to
(5.3) with initial condition u¢(0,x) = f(x) for all x € R. From Theorem 5.2 and Lemma 5.4
we can conclude that (u{’x)te[o‘ﬂ, x € R, is a generalised stochastic process and adapted in the
sense of [1, Definition 1]. In particular, if u{yx € L2(u) then it holds by Lemma 5.5 and 5.6 that a
version of u{,x is measurable w.r.t. F; for all x € R. It is well-known that for such a process the
It6 integral and the Hitsuda-Skorokhod integral coincide, see e.g. [15, Theorem 8.7.]. Indeed,
if forx e Rand T € [0, 00) the process (0(5)%&)86[0 . is in L2([0, T]; L?(n)) then for t € [0, T]

)

the following identity is valid

t t
oul ouf
JO‘(S);;’X owsds = Ja(s)lal;”‘ dBs; up-a.e.,
0 0

5.2 Stochastic Heat equation with general multiplicative colored Noise

In this section we apply our characterisation theorem to derive new results regarding the stochastic
heat equation with multiplicative noise having a very general covariance structure. The results in this
section are an extension of the results in [17, Section 3,4]. Indeed, we combine our main result with
the calculations made in [17] to improve the results given in the last mentioned reference. We start
by recalling the central objects introduced in Section 3 and 4 of [17] and relate them to our general
functional analytic framework. In Theorem 5.10 and 5.12 we formulate our new results regarding the
heat equation with multiplicative stochastic source term in the case of Skorohod and Stratonovich
product, respectively.
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Before we begin with our considerations let us introduce some notation. Throughout this entire sub-
section d € IN is fixed and by p¢, t > 0, we denote the heat kernel given by pi(x) = (27[‘()7% exp(—%),
x € RY. Furthermore, let (Q, A, P) be an arbitrary probability space carrying two independent d-
dimensional Brownian motions (Bi)¢>0, (Bt)tZO- For x € R% we denote by (BY)i>o and (Bzf)tzo the

processes (B¢ + x)i>0 and (By + X)t>0, respectively.

The stochastic partial differential equation we consider is informally given by

0 1 -
;L‘J;’X = ZAut,X + ut)XWt’X, t> O,X € ]Rd, (510)

Uox = Uo(x), x¢€ RY, (5.11)

with continuous and bounded initial condition uy. The product between uy x and the centered Gaussian
process Wt,x, t > 0, x € RY, is treated in the Skorohod and the Stratonovich case, see [17]. The

covariance structure of W is given by
E | WeaWey | = vt —$)AG—y), (5.12)

where vy and A are generalized functions. The rigorous interpretation of (5.10) and (5.12) is given

below. We work under the following assumptions on y and A.

Assumption 5.8. Lety: R — Ry, A: RY — R, be measurable, non-negative definite functions,
s.t,y € S’(R)HL{OC(]R) andT € S'(RY), where S’ (R) and S'(RY) are the spaces of tempered distributions
over R and RY, respectively. The Fourier transforms p = Fy and ¢ = FA are tempered measures on R

and R4, respectively and the product measure p@ o has full topological support. The measure o satisfies
1
———0(d§) < oo.
J 14
Rd
To specify our functional analytic framework let v and A satisfy Assumption 5.8. Throughout this
section we choose N = S(R4") the real-valued Schwartz functions and define A as the abstract

completion of N/ w.r.t. the inner product

(f, g) = J j f(t, x)g(s,0)y(t — s)A(x —y) dx dy dt ds
]RZ ]RZd

= | | Frio e Fgio Tplacotatz).
R R4
In particular, u denotes the mean zero Gaussian measure defined on N/ = S’(R4*") with covariance
given by the inner product (-,-)y. For more details see Example 2.12(ii). As in the previous section we
consider K = v/21d and for s € R we denote the spaces Gx, Gk,s simply by G, Gs, respectively. Equiv-
alently as in Corollary 5.1 our main result can be formulated under the above mentioned framework
as 5
® € Gy & sup J ’SCD(Z%PT])) v(dn) < oo,
pPelP Sé(Rd“)
where s € R. Before we proceed, some comments on Assumption 5.8 in comparison to the Assumptions
in the reference [17] are necessary.

Remark 5.9. (i) The assumptions made in 5.8 on y and A are stronger than the ones made in
[17, Theorem 3.6.]. In particular, we assume that y is a tempered distribution, which is a
stronger assumption than assuming merely local integrability of y. The assumption on the
support of p ® 0 = Fy ® FA guarantees that the bilinear form (-, )% is positive definite
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on N = S(R¥"). Furthermore, this property of y and A implies that the nuclear space N
is continuously embedded into H, which is necessary to apply our results from the previous
sections.

(ii) One can also drop the assumption that p ® o have full topological support in Assump-
tion 5.8 by considering instead of N' = S(R4*') the corresponding nuclear quotient space
N = S(R%") mod Ny, where Ny = {f € S(RY*") | | |.7-"ﬂ2 dp ® 0 = 0}. To simplify our

Rd+1
considerations below we stick to the assumptions as stated in 5.8.

(iii) Important examples of y and A can be found in [16, 17], corresponding for example to white or

fractional noise.

5.2.1 Skorohod Case

To treat the Skorohod case let us recall what has been achieved in [17]. The authors in [17] investigate
the Skorohod case of (5.10), (5.11) by considering an approximate equation given by

oupy 1

ot 2

uf):i =up(x), x€RY (5.14)

Aui’f + uﬁ:f on”f, t > 0,x € RY, (5.13)

where ¢ denotes the Wick product, see [19, Definition 8.11.] as well as [17, Equation (2.12)], and W,f”f
is given by the element with only first order chaos decomposition Wf:f = <w§;f, ->, where wi;f € His
given by

1
wiR(s,y) = 5 Toa(t— )Ty (s)pe(x—y), s >0,y € RY.

By [17, Equation (3.18)] the mild solution to the approximate equation (5.13), (5.14) is given by the
Bochner integral in LP (N, u), p € [1,00),

ui:i =K [uo(st) :exp <<A§;§x, >)} ,

where :exp (<A,§:]53X, >) denotes the Wick exponential of Af;gx € H which is given by

SA(t—T)
1
A’i:gx(ny) = g J pE(B?—T—S _y) ds 1[0,t] (T)) TE R)y € Rd)
0

and IE denotes integration w.r.t. P in the sense of Bochner. Consequently, the S-transform of u{:fz at
@ € Ng is given by

Suf(e) =B [uo(BY)S (exp ((Asd)):) (0)]
- [uo(B’t‘) exp ((Ai,’§> (p)”)} '

In [17, Theorem 3.6.] it is shown that the limit uyx = lin% zlsin(l) ub® exists for all t > 0, x € RY in
e—06— ’

PN/, for all p € [1,00) and (uty)i=oxera coincides with the mild solution of (5.10), (5.11), see
also the last mentioned reference for the definition of mild solution. With this notation in mind we can
formulate our results for the Skorohod case in the following theorem.

Theorem 5.10. Let uy: RY — R be continuous and bounded and vy and T satisfy the Assumptions

5.8. For every t >0, x € RY the element Uty = lim lim ui:,? is contained in G and for A € (0,00) the

e—06—0
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Gr-norm of ugx can be estimated by

tt
[uexlls < B |uo(BY)uo(BY) exp 4>\2”y(r—s)/\(13¢—1§§)dsdr , (5.15)
00

where IE denotes integration w.r.t. P.

Proof: Let t > 0, x € RY be arbitrary and A € (0,00). To show Ut € Gy it suffices to show that
the norm Hui;f is uniformly bounded in €,8 > 0, due to the Banach-Alaoglu theorem. To this end,

we use our main result. Let us also fix €,6 > 0 and let (ej)icw denote a real orthonormal basis of ‘H
m

which is contained in . For m € IN, we denote by Py, the projection given by Py = 3 (ej,-) 5. From
j=1

Assumption 5.8 we conclude that the real random variable HAt BXHH is bounded. Thus, we can use

Fubinis Theorem and obtain

J [Sug2 ()| v(an)
SL(RAHT)

I |uo(BY)uo(BY) J exp (7\<Pmﬂ» )+ 7‘<“”‘At§>>

Sq’j(Rd“)

“E [w(Bw(B) | e (A<n,PmAi;éx>+A<n,PmA§;gx>> v(dn)

Sé(Rd+1]

J exp (?\ <n, PmA§;§x> + ?\<n, PmAi:gX>> v(dn)

Sé(]R‘HI)

—exp (4N (PrAGf, PRAS I ) -

Proposition 3.1 yields

Observe that the random variables X™ := (PmA;’gx, PmAi’gx)Ha m € N, are uniformly bounded. Fur-
thermore, we have

m M—00 €, £,0
xm Mmoo, (A BX,AtBX>H

tt SA(t—T) 8/\(t—s)
rr

1
= v(r—S)g J J J J AlYyr —Y2)pe(BE ¢, —Y1)Pe(Bi_s—, —Y2) dy1 dyz dt; dty drds
C 0 0 Rd

00 Rd
o b
5—0
S v —s) J J Alyr —y2)pe(BE_, —y1)pe(Bf_s —y2) dys dyr drds
66 Rd Rd
o e
=0 | | v(r — s)A(Bys — Bys) drds € L'(Q, P),
00

where the convergence takes place in L'(Q, P), see [17, proof of Theorem 3.6.]. The dominated conver-
gence theorem implies

sup J ‘S )\Pmn) v(dn) < o
melN
SL(RAH)
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From Corollary 4.3 we conclude

2
£,0
Ut x

I N——"

=
_E [uo(BX) (BX) exp (47\2 (Aﬁ S AS g)H)] .

From the boundedness of uy and [17, Equation (3.27)] we eventually obtain

< 00,

sup
0<e,6<1

which shows ugx € Gy. The estimate (5.15) follows from the weak lower semi-continuity of the norm. O

5.2.2 Stratonovich Case

In this part we consider the the product of Wt,x and uy in (5.10) in the sense of the Stratonovich
integral. We proceed similar as in Theorem 5.10 and use the results made in [17, Section 4]. In [17,
Section 4] a mild solution (1t¢x)i-0xera Of the Stratonovich version of (5.10), (5.11) is constructed. As
in the Skorohod case we show that for all t > 0, x € RY the random variable Ut,x is contained in G. We
first state additional assumption on the covariance y and A, see [17, Hypothesis 4.1.], and recall some
of the results achieved in [17, Section 4].

Assumption 5.11. Lety and A be given as in Assumption 5.8. Assume additionally that there exists
a constant 0 < < 1 s.t. for any t € R,

0<y(t) <Calt|™P

for some constant 0 < Cg < oo and the measure o satisfies

1
J 72_2[3}[((15,) < o0.
J e

The candidate solution (utx)isoxegra Of (5.10), (5.11) for the Stratonovich case is given as a limit of
approximations (ui:i)t>0’X€Rd where ¢,0 > 0 are cut off parameters and tend to zero. The convergence
takes place in LP(N, u) for every p € [1,00) and uniformly in t > 0, x € RY, see [17, Proposition 4.7.].
The approximations (uifz)bo «cRd are given as a Bochner integral in LP(N'/,n), p € [1,00) as above,
see [17, Equation (4.15)]. Indeed, for t > 0 and x € R4 utX is given as

ugd =8 [uo(BY) exp (AG: )|

=K [uo(B?) exp ( HAt Bx

) (A )

Now we can formulate our result regarding the process (ttx)i~0xeRrad-

Theorem 5.12. Let ug : RY — R be continuous and bounded and y and T satisfy the Assumptions
5.11. For everyt >0, x € RY the element wix = hm lim upy 8 s contained in G and for A € (0,00) the

e—006—0
Gr-norm of ugx can be estimated by

o (BY o (BY) exp

N =

[uexlls <E

tt t
”y(r —s)A(BX —BY)dsdr + J v(r—s)A(B* —B}) ds dr
00 0

v(r—s)A E;‘)dsdr ,

t
X exp 4A2J
0

S
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where I denotes integration w.r.t. P.

Proof: We show this results as in the proof of Theorem 5.10. Indeed, the same arguments as above
lead to the fact that for every ¢,8,A,t > 0 and x € R¢ the Gy-norm of ui;fi is given by

€,0 2 X BX 1 €,0 2 €,0 2 2 €,0 €,0
[uid] =B juoBu@ewm (5 ([ach |, +[ A )+ (A At |-
Using [17, Equation (4.17) ff.] we conclude that
ap [, <oo
0<e,5<1 I

implying that uyx € Gy for all A € (0,00). The last part of the statement follows by the same argument
as in 5.10 and [17, Equation (4.6)]. O

Remark 5.13. We want to point out that the results of Theorem 5.10 and Theorem 5.12 give some
additional insight into the solution of the stochastic heat equation (5.10), (5.11) for the Skorohod and
Stratonovich case. In particular, in both cases the random variable uiy, t > 0, x € R4, is contained
in G. This implies that u is infinitely often Malliavin differentiable and the derivatives of arbitrary
order are integrable of order p, where p € [1,00) can be arbitrarily large, see [25]. As far as the authors

know, this has not been shown for this general class of covariances.

6 Outlook: Application to stochastic currents

The concept of current is fundamental in geometric measure theory. The simplest version of current is
given by the functional
T
0 | (o) Y (D)gedt, 0<T< oo,
0
where @ : RY - R4, d € N, and v : [0, T] — R% is a rectifiable curve. Its vector valued integral kernel
informally is given by

)
() = Jé(x YWD dt, xeRY
0

where 06 is the Dirac delta. The interested reader may find comprehensive account on the subject in
the books [7, 21].

A stochastic analog of the current ( arises if we replace the deterministic curve y for example by the
trajectory of a Brownian motion (B(t))o<i<T taking values in R9. In this way, we obtain the following
functional

.
£(x) :zJé(x—B(t))dB(t), x € RY. (6.1)
0

In the forthcoming manuscript [5] a rigorous definition of (6.1) is given. Using Wick products the
stochastic integral w.r.t. R%-valued Brownian motions can be defined in the space of Hida distributions.
Then our improved characterization of G’ is applied to analyze the regularity of &(x),x € R4,

There have been some other approaches to study stochastic current, such as Malliavin calculus and
stochastic integrals via regularization, see [8, 9, 10, 13], among others. In [9] & was constructed in a
negative Sobolev space, i.e., in a generalized function space in the variable x € R4, Then the constructed
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distribution was applied to a model of random vortex filaments in turbulent fluids. The construction

in [5] gives for the same object a rigorous definition pointwise in x € R4\ {0}.

Acknowledgement

The third author thanks the department of Mathematics at the University of Kaiserslautern for financial

support in the form of a fellowship.

References

[1] F. Benth and J. Potthoff. On the martingale property for generalized stochastic processes. Stochastics and Stochastics
Reports, 58(3-4):349-367, 1996.

[2] Y. M. Berezansky and Y. G. Kondratiev. Spectral Methods in Infinite Dimensional Analysis, vol. 1,2. Mathematical
Physics and Applied Mathematics; 12. Kluwer Academic Publishers, 1995.

[3] R. Blumenthal and R. Getoor. Pure and applied mathematics, 29. Markov processes and potential theory. Academic
Press, New York, 1968.

[4] P.-L. Chow. Generalized solution of some parabolic equations with a random drift. Applied Mathematics and Opti-
mization, 20(1):1-17, 1989.

[5] J. da Silva, M. Grothaus, and H. Suryawan. Pointwise construction of stochastic currents as a regular generalized
function of white noise. In preparation, 2020.

[6] T.Deck and J. Potthoff. On a class of stochastic partial differential equations related to turbulent transport. Probability
Theory and Related Fields, 111(1):101-122, 1998.

[7] H. Federer. Geometric measure theory. Die Grundlehren der mathematischen Wissenschaften in Einzeldarstellungen;
153. Springer, Berlin, 1969.

[8] F. Flandoli, M. Gubinelli, M. Giaquinta, and V. M. Tortorelli. Stochastic currents. Stochastic Processes and their
Applications, 115(9):1583-1601, 2005.

[9] F. Flandoli, M. Gubinelli, and F. Russo. On the regularity of stochastic currents, fractional Brownian motion and
applications to a turbulence model. Annales de I’Institut Henri Poincaré Probabilités et Statistiques, 45(2):545-576,
20009.

[10] F. Flandoli and C. A. Tudor. Brownian and fractional Brownian stochastic currents via Malliavin calculus. Journal
of Functional Analysis, 258(1):279-306, 2010.

[11] J. Gjerde, H. Holden, B. @ksendal, J. Ubge, and T. Zhang. An equation modelling transport of a substance in a
stochastic medium. In Seminar on Stochastic Analysis, Random Fields and Applications. Birkhaeuser, Basel, 1995.

[12] M. Grothaus, Y. Kondratiev, and L. Streit. Complex Gaussian analysis and the Bargmann-Segal space. Methods of
Functional Analysis and Topology, 3(2):46-64, 1997.

[13] J. Guo. Stochastic current of bifractional Brownian motion. Journal of Applied Mathematics, 2014, 2014.

[14] T. Hida. Brownian motion. Springer, Berlin, 1980.

[15] T. Hida, H.-H. Kuo, J. Potthoff, and L. Streit. White Noise: An Infinite Dimensional Calculus. Kluwer Academic
Publishers, Dordrecht, 1993.

[16] Y. Hu. Some recent progress on stochastic heat equations. Acta Mathematica Scientia, 39(3), 2019.

[17] Y. Hu, J. Huang, D. Nualart, and S. Tindel. Stochastic heat equations with general multiplicative Gaussian noises:
Hélder continuity and intermittency. Electronic Journal of Probability, 20(55), 2015.

[18] Y. G. Kondratiev, P. Leukert, J. Potthoff, L. Streit, and W. Westerkamp. Generalized functionals in Gaussian spaces:
The characterization theorem revisited. Journal of Functional Analysis, 141(2):301-318, 1996.

[19] H.-H. Kuo. White noise distribution theory. Probability and Stochastic Series. CRC Press, Boca Raton, 1996.

[20] L. Lohmeyer. Regularity and semi-martingale properties of solutions to a class of wick type spdes. Master’s thesis,
Technische Universitat Kaiserslautern, 2011.

[21] F. Morgan. Geometric measure theory. Academic Press, San Diego, 2000.

[22] N. Obata. White noise calculus and Fock space. Lecture Notes in Mathematics; 1577. Springer-Verlag, 1994.

[23] J. Potthoff. White noise methods for stochastic partial differential equations. In Stochastic Partial Differential Equa-
tions and Their Applications. Springer, 1992.



26 6 Outlook: Application to stochastic currents

[24] J. Potthoff. White noise approach to parabolic stochastic partial differential equations. In Stochastic analysis and
applications in physics. Kluwer Academic Publishers, 1994.

[25] J. Potthoff and M. Timpel. On a dual pair of spaces of smooth and generalized random variables. Potential Analysis,
4(6):637-654, 1995.

[26] M. Reed and B. Simon. Functional Analysis. Methods of modern mathematical physics; vol. 1. Academic Press, New
York, 1980.

[27] W. Rudin. Functional analysis. McGraw-Hill, Boston, 1991.

[28] H. H. Schaefer and M. Wolff. Topological vector spaces. Graduate Texts in Mathematics; 3. Springer, New York, 2nd
edition, 1999.

MATHEMATICS DEPARTMENT, T'U KAISERSLAUTERN,
PO Box 3049, 67653 KAISERSLAUTERN, GERMANY

Email address: grothaus@mathematik.uni-kl.de

Email address: jan.mueller.mathematik@gmail.com

MATHEMATICS DEPARTMENT, TU KAISERSLAUTERN,
PO Box 3049, 67653 KAISERSLAUTERN, GERMANY

Email address: nonnenmacher@mathematik.uni-kl.de



	Introduction
	Preliminaries and Main Results
	Generalised Chaos decomposition and Gaussian Analysis on Complex Spaces
	Proof of Theorem 2.11
	Applications
	Outlook: Application to stochastic currents

