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e Consider the adjoint SPDE viz.
t t
Y, = Y0+/Z*sts+/i\7vsd3;.
0 0

We have seen that when 6,-1-,_5,- are C°(RY) functions and
Yo € Co(RY), then Yy := [ Yo(x)dxx dx (= Ye(Yo) earlier
notation) € S_,, p > % is a solution.

e We also have the non-linear SPDE

t

Y = Yo+/( )ds—i—/t Ai(Ys) dB:
0

0

whose solutions are of the form Y: = 7z,(Yp) where

Z: :/U(Ys)-st+/tb(Ys)ds
0

0
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o Let Y= dxx. We then have

t t

YtX:(5X+/L(YSX)ds+/A,-(Y ) dB!,
0 0

where the equality holds in S_,_;.

o We have seen that Y; := [ Yo(x )0xx dx solves the linear SPDE
when Yy € C(RY).
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e An alternate proof can be given using the fact that
L(YY) = L*(Y{) : multiply the non-linear SPDE by Yp(x) and
integrate w.r.t. x.

e Note that
Y; = / Vo(x)éxtx dx,
in particular Yo = [ Yo(x)dx dx, and this represents the continuous
function Yj as a distribution in S_p.
e Hence we get

t

Y, = Yo+//Yo dxds+//\70(x)A,-(Y;)dde;’,

0

where we have used Fubini's theorem and the joint measurability of
the map (s,w, x) = Y (w).
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e Note that,
®0x = ¢(x) 6x = L(dxx) = [*(5th).

e Consequently,

35 Y= [ Vo) 3506) ox; o
0:(55 Vr) = / Yo(x) 35(XX) Bidxy dx, ete..

e Hence,

/VO(X)L(y;)dX - Z*/ Yo(x) Y dx

as can be seen by acting on a test function. Similar result holds for
Aj, At
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Definition
Let 5, b; € C°(RY). We refer to the pair

t t
Y, = V0+/Z*sts+/A';fY5dB;'
0 0
t t
Yy = 5X+/L(Y;)ds+/A,-(Y;)dB;'
0 0

as the adjoint system of SPDE's. Here Yy € C.(RY).
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Definition

Let p> 9. Let (Y;) and (Y{) be continuous S_, valued processes.
We say that the collection {Y;, Y, x € R?} form a stochastic
system of solutions to the adjoint system provided (Y}) solves the
adjoint SPDE, (Y{) solves the non linear SPDE and Y¢, Y{ are

connected by the relation

Yt:/\_/o(x)Y;(dx.
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Theorem

Let 5, bi € C°(RY) and Yo € C.(R?). Then the adjoint system
of SPDE'’s has a pathwise unique stochastic system of solutions
given by Y{ :=0xx and Y; == [ Yo(x )xx dx.

Proof.

We have shown existence. Let { Y3, Y}*} and {Y?, Y2} be two
stochastic system of S_,-valued solutions. Since (Y*) and (Y?)
solve the non-linear SPDE the pathwise uniqueness for this SPDE
implies that V x,

Y = Y, Vt>0 as

Hence,
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Definition )
Let b, 5; € C°(RY) and g € C-(R?). We refer to the system of
PDE/SPDE, viz.

81‘1/}(1:7 ) = Z*w(t7 )v w(oa ) = ’(/_}07
Y = 6+ [ L(YX)ds+ [ Ai(YX)dB,
[ ]

as the forward system.
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Definition

Let p > 2. We say that the S_,-valued elements {%(t,-)} and
{Y{} are a stochastic system of solutions to the forward system iff
{4(t,-), t > 0} solve the forward equation with (0, -) = v and
for each x, {Y{,t > 0} solves the non-linear SPDE with Yj = d,
in S_p and

W(t,) = /ﬁo(x)EYtX dx =EY;.

Let P(t,x, ) := P(XF € ).

Theorem

Let 5, by € C°(RY), ¢hg € C(RY). Then

V¥ =6xx, ¥(t,) = [Po(x)P(t,x,-) dx is the unique S_, valued
solution to the forward systems.

Proof. We note that, for p > %, P(t,x, ) =Edxx =EY € S_p.
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wlt) = [ Bo)Pleix) k= [To(x)EVE e
= E/l;o(x) Y dx =EY:

/L Y, ds + /A;.*stB;']
t
= @Eo+/Z*EY5ds
0
t
— ot [ (s

0

This proves existence. The uniqueness follows as before from the
uniqueness of the non-linear SPDE. O
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Remark :

[) Note that the adjoint system and forward system of
equations hold in the larger space S_,_4 D S_.

I1) The condition &, b; € CZ°(RY) can be relaxed to
gij, bi € Sp for suitable p > %.

Generalisation

o Let p e R. Let gjj, bj : Sp — R satisfy: 1,2 € Bp(0,A), where
Bp(0,A) :={p € Sp: lpllp < A},

loij(p1) — aij(@2)| + |bi(w1) — bi(w2)] < Ciller — w2|lp-1-
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Llp) = % Z(Uaf)y(w)a?jw - Z bi(¢)0iep,
Ail) = = oi(¢)dje.
j

e Our SPDE is

dYy = L(Y;)dt+ Ai(Y:)dBi
Yo = YPeS,.

e Note that L, A; : S, — Sp—1. Hence the solution (Y:) is Sp-
valued and equation holds in Sp_1.

Remark : Let 6 € S_(p—1) and 0y : Sp = R, 0j(¢) := (G, ¥).-
Then o are globally Lipschitz. Similarly for b;.
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Theorem

Let ojj, b : Sp — R as above and Y° € S,,. Let (B;) Brownian
motion in RY. Then 3 n:Q — (0,00], an Sp-valued, continuous,
FB-adapted process Y : [0,1) x Q — S, such that a.s.,

t t
Y, = Y°+/L(Ys)ds+/A,-(Ys)dB;', t<m,
0 0

and the solution (Y;) is pathwise unique.
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Remark :

) tllim | Yellp = 00 on {n < oo}. If o, b; are bounded, then
ﬁ
5= 00 a.s.

[1) (Yt) has the strong Markov property.
M) Yy =72, Y0, where

t

Z, = /U(Ys).d55+
0

b(Y:)ds

—

t

0
_ /6(25)-st+O/E(ZS)d57

0
where 5(z2) := o(7,Y°), b(z) = b(, Y°).
|V) If YO = Ox, then Y; = th(sx = 5x+Zt = 5XtX.
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Monotonicity inequalities

e For 1,2 € By(0,),3 C\ > 0 such that

2(p1 — 92, L(#1) = L(92))p-1 + ZHA 1) — Ailp2)l5-1

< C/\H<P1 - <P2Hp—1-

e Proof of uniqueness:
t

IYE = Y22, = / {2072 = Y2, L(vd) = L(Y2)ps
0

+ D IAYD) =AY |} ds + M,
i
where (M;) is a continuous IocaI martingale.
= EHYtl/\T - Yt2/\7'” < C fEH SAT T /\THP 1dS Then' by

Gronwall's inequality = YtlAT = Y2, a.s. Here 7 is a suitable
stopping time choosen s.t. the above Expectations are finite.” O
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e Quasi linearity : Define [,A; : S xS — S as

A 1
Liprp2) = 3 > (00Y)ii(1) D2 = Y bi(pr) Digpa,
ij i

~

Ailpr,2) = =Y oile1) 9jea,
j

e For fixed ¢ € S, the maps [((p, ), A,-(cp, ): S = S, are linear
and

L) = L(p,9), Aile) = Ai(p, ).
e We have the following ‘2-step’ monotonicity inequality : For
Y1, P2, 3 € BP(O,)\), 3 CA >0

2 <<p2 — 1, L(p3, ) — z(<;727901)>

R . 2
+ Z HA:’(<P37902) - Ai(@27801)Hp_1

1
< G (llpr — pallzoq + llp2 — sllaq) -
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e Proof of existence: We define a sequence of approximations
(Y/),n >0 as follows: If (Y1) is defined, then (Y;) is the
unique solution of the linear equation —

t t
Y, = Y°+/Z(Ys"1, Ys) ds+/A,-(Ys"1, Y,) dB..
0 0

& Note that Y = 720 Y, where

t

t
zr :/U(YS”_l)-st+/b(Y5”_1)ds.
0 0

/& Using the 2-step’ Monotonicity inequality we can show 3 a
stopping time n > 0 a.s. such that

anl tnfl

(n—1)! "~

E”Ytnm; - Y%lllfp_l Sa
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& Define,
Yo=Y > (Y, = Vi,

n=1
where the series in the RHS converges in Sp_1.

& Since Ying = Yean and

t t
Vi = Y0 [ Lot g ds [ AQYIL VE,) dEL
0 0
&2 We obtain, as n — oo

t

t
Yt/\n =Y° + / L(Ys/\n) ds + /Ai(yS/\W) dBSi'
0 0

19/25



References

Ikeda, N. and Watanabe, S.:

Stochastic differential equations and diffusion processes,
volume 24 of North-Holland Mathematical Library.
North-Holland Publishing Co., Amsterdam, second edition,
1989.

Karatzas, |. and Shreve, S. E.:

Brownian motion and stochastic calculus, volume 113 of
Graduate Texts in Mathematics.

Springer-Verlag, New York, second edition, 1991.

@ksendal, B.:

Stochastic differential equations.

Universitext. Springer-Verlag, Berlin, sixth edition, 2003.
An introduction with applications.

Stroock, D.W.,
Partial differential equations for probabilists,
Cambridge University Press, 2008.

20 /25



References

[ I8, K.:
Foundations of stochastic differential equations in
infinite-dimensional spaces, volume 47 of CBMS-NSF Regional
Conference Series in Applied Mathematics.
Society for Industrial and Applied Mathematics (SIAM),
Philadelphia, PA, 1984.

[ Gopinath Kallianpur and Jie Xiong,
Stochastic differential equations in infinite-dimensional spaces,
Institute of Mathematical Statistics Lecture
Notes—Monograph Series, 26, Institute of Mathematical
Statistics, Hayward, CA, 1995, Expanded version of the
lectures delivered as part of the 1993 Barrett Lectures at the
University of Tennessee, Knoxville, TN, March 25-27, 1993,
With a foreword by Balram S. Rajput and Jan Rosinski.

21/25



References

[@ Jie Xiong,
Three classes of nonlinear stochastic partial differential
equations,
World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ,
2013.

[ Gelfand, I.M., Shilov, G.E.,
Generalised Functions,
Academic Press, 1964.

@ N. V. Krylov and B. L. Rozovskir,
Stochastic evolution equations,
Current problems in mathematics, Vol. 14 (Russian), Akad.
Nauk SSSR, Vsesoyuz. Inst. Nauchn. i Tekhn. Informatsii,
Moscow, 1979, pp. 71-147, 256.

@ A.S. Ustiinel,
A generalization of Ité's formula,
J. Funct. Anal. 47 (1982), 143-152.

22/25



References

ﬁ B. Rajeev,
From Tanaka's formula to Ito’s formula: distributions, tensor
products and local times,
Séminaire de Probabilités, XXXV, Lecture Notes in Math.
1755, Springer, Berlin, 2001, pp. 371-389.

El Rajeev, B. and Thangavelu, S.:
Probabilistic representations of solutions to the heat equation.
Proc. Indian Acad. Sci. Math. Sci. 113 (2003) 321-332.

@ Rajeev, B. and Thangavelu, S.:
Probabilistic representations of solutions of the forward
equations.
Potential Anal. 28 (2008) 139-162.

23/25



References

[3 L. Gawarecki, V. Mandrekar and B. Rajeev,
The monotonicity inequality for linear stochastic partial
differential equations,
Infin. Dimens. Anal. Quantum Probab. Relat. Top. 12 (2009),
575-591.

[§ Fitzsimmons, P.J., Rajeev, B.,

A new approach to the martingale representation theorem,
Stochastics 81(5), 467-476 (2009)

@ Rajeev, B.:
Translation invariant diffusion in the space of tempered
distributions.
Indian J. Pure Appl. Math. 44 (2013) 231-258.

24 /25



References

Suprio Bhar and B. Rajeev,
Differential operators on Hermite Sobolev spaces,

Proc. Indian Acad. Sci. Math. Sci. 125 (2015), 113-125.

B. Rajeev and K. Suresh Kumar,

A class of stochastic differential equations with pathwise
unique solutions,

Indian J. Pure Appl. Math. 47 (2016), 343-355.

Suprio Bhar, Rajeev Bhaskaran and Barun Sarkar,
Solutions of SPDE’s associated with a stochastic flow,
Potential Anal., 53,203-221, (2020).

Rajeev, B.:

Translation Invariant Diffusions and Stochastic Partial
Differential Equations in S'.

arXiv:1901.00277v2, [math.PR].

25 /25



