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S, S ′, Sp spaces

• Let S(Rd) denotes the space of smooth rapidly decreasing real
valued functions on Rd with the topology given by L. Schwartz,
called the Schwartz space

S(Rd) :=
{
f ∈ C∞(Rd)

∣∣ |xα∂βf (x)| → 0, as |x | → ∞
}
.

• |x | denotes the Euclidean norm of Rd .
• If β = (β1, · · · , βd) ∈ Zd

+, then |β| = β1 + · · ·+ βd .

• ∂βφ = ∂β1
1 · · · ∂

βd
d φ.

• For p ∈ R, Sp(Rd) = closure of S(Rd) w.r.t. ‖ · ‖p.

〈f , g〉p :=
∑
k∈Zd

+

(2|k |+ d)2p〈f , hk〉0〈g , hk〉0, f , g ∈ S.

{hk}k∈Zd
+
is an ONB for L2(Rd , dx), called the Hermite functions.

〈· , ·〉0 denotes inner product in L2.
• hk(x1, · · · , xd) := hk1(x1)× · · · × hkd (xd), ∀ (x1, · · · , xd) ∈ Rd .
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• q < p ⇒ Sp ⊂ Sq.

• S = ∩pSp, S ′ = ∪pSp.

• S ′ is the topological dual space of S, viz. the space of tempered
distributions.

• [Rajeev, Thangavelu] x ∈ Rd , τx : Sp → Sp.

‖τxφ‖p ≤ CpP(|x |)‖φ‖p,

P is the polynomial with non-negative coefficients, deg P = Cp.

• [Rajeev, Thangavelu] δx ∈ S−p iff p > d
4 and supx ‖δx‖p <∞.

• S0 = L2(Rd) and p > 0 ⇒ Sp ⊂ L2(Rd).
p > d

4 + k
2 ⇒ Sp ⊂ C k ∩ L2(Rd).

• f ∈ Sp, 〈f , δx〉 = f (x)⇒ f is bounded, f has a modification
which is continuous.

• Cc(Rd) denotes the space of continuous functions with compact
support.
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• Let {ei : 1 ≤ i ≤ d} denote the standard basis for Rd ,
∂i : Sp → Sp− 1

2
and ∂α : Sp → Sp− |α|

2
.

∂ihk =

√
ki
2
hk−ei −

√
ki + 1

2
hk+ei .

∂i f

=
∑
k

(2|k |+ d)p−
1
2 〈∂i f , hk〉0 hk

=
∑
k

(2|k |+ d)p−
1
2 (−1) 〈f , ∂ihk〉0 hk

=
∑
k

(2|k |+ d)p(−1)

{√
ki
2
〈f , hk−ei 〉0 −

√
ki + 1

2
〈f , hk+ei 〉0

}
hk ,

then
‖∂i f ‖2p− 1

2
≤ C

∑
k

(2|k|+ d)2p 〈f , hk〉20 .
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• Let T : H1 → H2, a bounded linear operator
I) Let µ is a finite measure on (Ω,A, µ) and h : Ω→ H1 is
Bochner integrable i.e.

∫
Ω ‖h‖H1dµ <∞, then

T

(∫
Ω
h dµ

)
=

∫
Ω
T (h) dµ.

II) When hs is H1-valued jointly measurable adapted bounded
process satisfying

∫ t
0 ‖hs‖

2
H1
ds <∞ a.s. for every t ≥ 0, then

T

(∫ t

0
hs dBs

)
=

∫ t

0
T (hs) dBs .
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Theorem (Itô’s formula)
Let X = (X1, · · · ,Xd) be d- dimensional continuous
semi-martingale. Let f ∈ Sp, then a.s. ∀t ≥ 0

τXt f = τX0f −
∫ t

0
∂i (τXs f ) dX i

s

+
1
2

∫ t

0
∂2
ij(τXs f ) d

〈
X i , X j

〉
s
,

where the equation holds in Sp−1.

Lemma
If X := X0 + M + V , continuous semi-martingale and hs(ω) ∈ Sq
an {Fs}- progressively measurable process s.t.∫ t
0 ‖hs(ω)‖2q d〈X 〉s <∞;

∫ t
0 ‖hs(ω)‖qd |V |s <∞. Then∫ t

0 hs dXs ∈ Sq is a continuous semi-martingale and∫ t

0
hs dXs =

∫ t

0
hs dMs +

∫ t

0
hs dVs .
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• Consider hs(ω) = ∂iτXs f , then

‖hs(ω)‖p−1 = ‖∂iτXs f ‖p−1 ≤ C1 ‖τXs f ‖p ≤ C2 P(|Xs |)‖f ‖p.

• Hence∫ t

0
‖∂iτXs f ‖2p−1 d〈X 〉s ≤ C ‖f ‖2p

∫ t

0
P(|Xs |)2d〈X 〉s <∞.

• Similarly,∫ t

0
‖∂2

ijτXs f ‖p−1
∣∣d 〈X i , X j

〉
s

∣∣
≤ C ‖f ‖p

(∫ t

0
P(|Xs |)2d〈X i 〉s

)1/2(∫ t

0
P(|Xs |)2d〈X j〉s

)1/2

<∞

and ∫ t

0
‖∂iτXs f ‖p−1d |V |s ≤ C ‖f ‖p

∫ t

0
P(|Xs |) d |V |s <∞.
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proof of the theorem

First observe that when τXs f ∈ Sp, then ∂iτXs f , ∂
2
ijτXs f ∈ Sp−1.

Let f ∈ S ⊂ Sp. Since y → τy f (x) = f (x − y), by Itô’s formula

τXt f (x) = f (x − Xt)

= f (x)−
∫ t

0
∂i τXs f (x) dX i

s

+
1
2

∫ t

0
∂2
ij τXs f (x) d

〈
X i , X j

〉
s
,

Note, ∫ t

0
∂i τXs f (x) dX i

s =

∫ t

0
〈∂i τXs f , δx〉 dX i

s

=

〈∫ t

0
∂i τXs f dX

i
s , δx

〉
=

∫ t

0
∂i τXs f dX

i
s (x).
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proof continued.

Thus, for every x(
τXt f − f +

∫ t

0
∂iτXs f dX

i
s −

1
2

∫ t

0
∂2
ijτXs f d

〈
X i , X j

〉
s

)
(x) = 0,

and hence, the l.h.s. above is zero as an element of Sp−1. This
proves the theorem when f ∈ S. For an arbitrary f ∈ Sp, choose
fn ∈ S, ‖f − fn‖p → 0, then

‖∂iτXs fn − ∂iτXs f ‖p−1 ≤ C P(|Xs |) ‖f − fn‖p → 0.

Hence, for a suitable stopping time τ

E
∫ t∧τ

0
‖∂iτXs fn − ∂iτXs f ‖2p−1d〈X 〉s → 0.
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proof continued.
Therefore,

E

(∥∥∥∥∫ t∧τ

0
∂iτXs fn dX

i
s −

∫ t∧τ

0
∂iτXs f dX

i
s

∥∥∥∥2

p−1

)

≤ C E
∫ t∧τ

0
‖∂iτXs fn − ∂iτXs f ‖2p−1d〈X 〉s → 0.

The convergence of∫ t
0 ∂

2
ijτXs fn d

〈
X i , X j

〉
s
→
∫ t
0 ∂

2
ijτXs f d

〈
X i , X j

〉
s
can be handled in

a similar manner. Clearly τXs fn → τXs f . This completes the proof.

• Suppose,

dXt = σ̄(Xt) · dBt + b̄(Xt) dt,

X0 = x .

Define σij , bi : S−p → R as σij(f ) := 〈σ̄ij , f 〉, bi (f ) :=
〈
b̄i , f

〉
, for

σ̄ij , b̄i ∈ Sp, for p > d
4 + 1

2 . σij(δx) = σ̄ij(x), bi (δx) = b̄i (x).
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• Write X x
t = x + Z x

t . Let f = δx ∈ S−p and Yt := τZ x
t
f .

• L,Ai : S−p → S−p−1

L(φ) :=
1
2

∑
ij

(σσt)ij(φ)∂2
ijφ−

∑
i

bi (φ)∂iφ,

Ai (φ) := −
∑
j

σji (φ)∂jφ.

Note that L(Ys), Ai (Ys) are jointly measurable in (s, ω) and FB
s

adapted and satisfying, for every t∫ t

0
‖L(Ys)‖−p−1ds <∞, and

∫ t

0

∑
i

‖Ai (Ys)‖2−p−1ds <∞, a.s.

Hence the integrals are well defined as S−p−1 valued continuous
adapted processes.
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Corollary

Yt = Y0 +

∫ t

0
L(Ys)ds +

∫ t

0
Ai (Ys)dB i

s ,

where sum is over repeated indices.

Proof.
The proof follows from Itô’s formula for τZ x

t
f and the fact that

d
〈
Z i , Z j

〉
s

= (σ̄σ̄t)ij(x+Z x
s ) ds = (σσt)ij(δx+Z x

s
) ds = (σσt)ij(Ys)ds.

• Remark Can take Y0 = f ∈ S−p, then
dXt = σ̄f (Xt) · dBt + b̄f (Xt) dt,

X0 = 0.

σ̄fij(x) = 〈σ̄ij , τx f 〉, b̄fi (x) =
〈
b̄i , τx f

〉
and σij(g) = 〈σ̄ij , g〉,

bi (g) =
〈
b̄i , g

〉
for g ∈ S−p.
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SPDE for stochastic flows

• Let σ̄ij , b̄i ∈ C∞b (Rd).

• As mentioned earlier, a.s. ∀t ≥ 0, x → X x
t is C∞.

• Let ψ ∈ Cc , define Yt(ψ) :=
∫
Rd ψ(x)δX x

t
dx .

• Note that
∫
Rd |ψ(x)| ‖δX x

t
‖−p dx <∞, for p > d

4 .

• Because, t → δX x
t

= τX x
t
δ0 ∈ S−p is continuous, {Yt(ψ)} is a

continuous, S−p-valued, {FB
t }- adapted process.

• Note that 〈f , Yt(ψ)〉 =
∫
ψ(x)f (X x

t )dx .

• Let φ ∈ S,

L̄∗φ :=
1
2

∑
ij

∂2
ij

(
(σ̄σ̄t)ijφ

)
−
∑
i

∂i
(
b̄iφ
)
,

Ā∗i φ := −
∑
j

∂j (σ̄jiφ) .
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Lemma
Let r > 0 be an integer, Mσφ := σφ, for σ ∈ C∞b and φ ∈ S. Then
Mσ : S−r → S−q is a bounded linear operator for q ≥ r + 1, r > 0.

Corollary
L̄∗, Ā∗i : S−p → S−p−2 are bounded linear operators.

Theorem
Let ψ ∈ Cc(Rd) and p > 0 an integer. Then {Yt(ψ)} satisfies the
following linear SPDE in S−p−2 for ψ ∈ S−p, ∀t ≥ 0

Yt = ψ +

∫ t

0
L̄∗(Ys)ds +

∫ t

0
Ā∗i (Ys)dB i

s .

Proof. Note,∫ t

0
‖Ā∗i (Ys)‖2−p−2ds ≤ C

∫ t

0
‖Ys‖2−pds ≤ C1t,

because, ‖Ys‖−p ≤
∫
|ψ(x)| ‖δX x

t
‖−p dx ≤ C‖ψ‖L1 .
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Similarly,
∫ t
0 ‖L̄

∗(Ys)‖−p−2ds ≤ C2t. Thus LHS and RHS are well
defined continuous process in S−p−2. By Itô’s formula on Rd , for
f ∈ S

f (X x
t ) = f (x) +

∫ t

0
L̄f (X x

s )ds + +

∫ t

0
Āi f (X x

s )dB i
s .

Multiplying the above equation by ψ(x), integrating w.r.t.
Lebesgue measure dx , applying (stochastic) Fubini’s theorem and
using the fact that∫

ψ(x) L̄f (X x
s ) dx =

〈
Ys , L̄ f

〉
=
〈
L̄∗(Ys) , f

〉
,∫

ψ(x) Āi f (X x
s ) dx =

〈
Ys , Āi f

〉
=
〈
Ā∗i (Ys) , f

〉
,

we get,

〈f , Yt〉 = 〈f , ψ〉 +

∫ t

0

〈
f , L̄∗(Ys)

〉
ds +

∫ t

0

〈
f , Ā∗i (Ys)

〉
dB i

s

= 〈f , ψ〉 +

〈
f ,

∫ t

0
L̄∗(Ys)ds +

∫ t

0
Ā∗i (Ys)dB i

s

〉
. 2
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proof of lemma.

‖Mσφ‖2r ≤ C
∑

|α|+|β|≤2r

∫
|xα∂βσφ(x)|2dx

≤ C
∑

|α|+|β|≤2(r+1)

∫
|xα∂βφ(x)|2dx

≤ C ‖φ‖2r+1 ≤ C ‖φ‖2q.

‖Mσφ‖−q = sup
‖f ‖q≤1

| 〈f , σφ〉 | = sup
‖f ‖q≤1

| 〈σf , φ〉 |

≤ sup
f ∈S,‖f ‖q≤1

‖σf ‖r‖φ‖−r

≤ C

(
sup

f ∈S,‖f ‖q≤1
‖f ‖q

)
‖φ‖−r

≤ C ‖φ‖−r . 16 / 18



Corollary
Let p > d

4 be an positive integer and ψ(t) := EYt . Then
ψ(t) ∈ S−p and

ψ(t) = ψ +

∫ t

0
L̄∗ψ(s) ds,

holds in S−p−2. In particular the map t → ψ(t) : [0,∞)→ S−p−2
is C 1 and we have

∂tψ(t) = L̄∗ψ(t),

ψ(0) = ψ.

Proof. Note that,

E
∫ t

0
Ā∗i (Ys)dB i

s = 0.
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proof continued.
Hence, we have in S−p−2,

ψ(t) := EYt = ψ + E
∫ t

0
L̄∗Ys ds

= ψ +

∫ t

0
L̄∗ψ(s) ds,

where we have used E L̄∗Ys = L̄∗ EYs , by virtue of the boundedness
of L̄∗.

• Remark : In a similar manner, ψ = µ a finite signed measure, we
can show that Yt(ψ) :=

∫
δX x

t
µ(dx) satisfies the adjoint SPDE

with initial value µ.
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