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Lecture 1 : Introduction and Motivation
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Introduction
o Let (Q,F,{Ft}t>0, P) be a filtered probability space satisfying
the usual conditions:

|) ft_t,_ ::ﬂ5>t.7:5:]:t, VtZO,
I1) Fo contains all null sets.

e Consider the following continuous semi-martingale on
(97]:7 {]:t}t207 'D)

Xt = Xo + M + Vi,

where,
x {M;} continuous, local {F;} martingale, My =0,

* {V;} continuous {F;}- adapted process of finite variation,
VO =0.
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e {M,} has a quadratic variation i.e. 3 an unique continuous
non-decreasing {F;}- adapted process denoted by {(M);} s.t.
{M? — (M)} is a continuous, local {F;} martingale.

e Define,

(X)e == (M)
o Let X;:= (X}, ,X%) € R? and X/ := X} + Mi+ V|, for
i=1,2,---,d, then
iy i j 1 i j i '
<X ’Xj>t: <M ) Mj>t = Z{<M +Mj>t_<M B Mj>t}

o {(M', M)} continuous {F;}- adapted process of finite
variation.
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o Let {h(t,w)} be an {F:}- progressively measurable process
satisfying [y h?(s,w) d(X)s < 0o, Vt a.s.

e Then the stochastic mtegral of hw.rt. X; = M; is a continuous
local martingale denoted by [; h(s) dXs =: I(h)(t) with the
following properties :

1) 1()(0) = O,
1) Ky + Bha)(8) = ad(R)(£) + B1()(2),
1) The quadratic variation (/(h)): = [o h*(s) d(X)s,

IV) When h(s,w) := h(w)ly,.(s), where h € F,, then
I(h)(t) = h(w)(Xeav — Xeaw)-

V) If E [ h3(s) d(X)s < oo, then

4/16



[td's formula

Theorem (Ité's formula)
Let f : RY — R be a C2- function

t . 1 t . .
foXt:foX0+/ 8;foXstS’+2/ 02 foXod (X', X)),
0 0

where, (0; f o Xs), (83 f o Xs) are progressively measurable adapted
processes and dX! = dM! + dV/i and sum is over repeated indices.

e If Xo =x=(x,--- ,x9) € RY, then
Xe = x+ My + Vi = x+ Z;, where Z; := M; + V4.
e Introduce Translation operator T, for z € RY
T.f(x) == f(x — z).
e Therefore, f(X;) = f(x + Z¢) = 7_7f(x).

5/16



Oif (Xe) = 0if (x + Z¢) = 7-2,(9if)(x) = 0i(T—-2F)(x).

e Similarly,
O (Xe) = O (1—2.1)(x).

e Hence, we can rewrite the Itd's formula
T_7,f(x) = f( / Oi(t_z.F)(x) dZi
/ O3 (r_z.f)(x)d(Z', Z7),
=71 7f = f+/ Oi(r_z.f)dZ!

/ 8,J7' z.f Zj>5.

e The above equation can be written as an equation in a suitable
space of functions H.

e Interesting case, when H is a Hilbert space having the property
that 7,f € H, whenever f € H.
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Stochaastic Differential Equations

dXt - 5'(Xt) . dBt + E(Xt) dt,
Xo = x.

t t
Xt—x—i—/ 5(X5)~st+/ b(X) ds.
0 0

e xeRY 5= (55): R = R%, b:RY — R? and the coefficients
(Gij(Xs)), (bi(Xs)) are jointly measurable adapted processes.
(B:) = (B}, ,Bf)and X; = (X},--- , Xd) are F;- adapted.

Theorem
If &, b are Lipschitz continuous, i.e. 3 a constant k € R

175(x) = &5(y)| + [bi(x) = Biy)| < k|x =y,

then the above SDE has an unique global strong solution {X{}>o.
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e Remark

I) Global Lipschitz = solution exists Vt, t > 0.

1) Local Lipschitz = 371 and 0 < 1 < 0o s.t. {X¢}o<tn.
1) Strong solution < X; € FB := o{Bs,s < t}.

IV) The solution has strong Markov property.

e Let C;° denotes the space of C* functions with uniformly
bounded derivative.

Theorem
Suppose G, bj € CEO(Rd). Then almost surely, the map :
x — X¥(w) is a C* - diffeomorphism for every t > 0.

e Remark
gij, bi € Cgo(Rd), they are Lipschitz continuous and global strong
solution exists.
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e For ¢ € C®(RY), let us define
= ISR (65509900) — 3 01 (Bi)o()

e The transition probabilty function
P(t,x,A) := P(X[ € A).
e Then P(t,x, A) satisfies the ‘forward equation’

%(t,X, ) = [* P(t7X7 ')a
P(0,x,+) = Ox.
This means,
t
(f, P(t,x,-)) = f(x) +/ <[f, P(s, x, )> ds
0
e Note that, Ef (X)) := (f, P(t,x,")), = [f(x ) and

Lf(x) = % Z(&&t);j(x)a,%-f(x) + Z bi(x)0;f(x)
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From SDE's to SPDE'’s

t t
x;zx+/ 5(XSX)~dBS+/ b(XX) ds
0 0

= x+ Z;.
Then,
t .
T_zxf = f-|—/ OiT_zxf dZ,
0
1 /[t i
+/ fr_zxfd(Z', Z0)
2 0 S s
e Remark

We shall consider the Hilbert spaces H with the property that
7,f € H, whenever f € H. In addition when H is a
Hermite-Sobolev space i.e. H=S_, for p > %, then f =6, € H.
Then T—Z,_i(f == T_théx = 5x+Z,_€<-
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e Therefore,

dZ} = 6(x+ Z{) - dB: + b(x + Z;) dt
= O-((SX-FZ;() . dBt + b((sx-',—ZtX) dta

where, 0jj - H = R s.t. 0ji(0x) = 7j(x).

e For example, if
g €H =oy(f)= (55, f), feH.

Similarly, _
b,(f) = <b,’, f> , feH,

also satisfies b;(dy) = bj(x), for f = 4.

e Hence, for f = §,

Yt = x+2Zy = 5Xt = T_th.
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e Then from the earlier 1t6's formula

t t
Yt:5x+/ L(Ys)ds+/ Ai(Ys)dB!,
0 0

where (L(Ys)), (Ai(Ys)) are jointly measurable, adapted and

L(0) 1= 5 3 (00)(6)0F0 - ICED
ij

A(9) == (A19,- -+, Ad9)

—foji(qﬁ)@cé
e Remark J
)
(7, LG = 5 3
(f, A 15) Zaﬂ

82f(x)+z bi(x)d;f (x

=: Lf(x),

= Aif (x).
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I) To arrive at the SPDE we used the imbedding RY — H
given by x — dx and consequently X — 0xx = dxyzx.

1) Consider 5;;, b; € C°(R9) and let f € S (Schwartz
space), then the map x — f o X is C*°. Thus we get the
linear map from S — C* : f — X;(f) :=f o X;.

o Ex. For i) € C°, define Yi(¢)) := [pa ¥(x)dxxdx. Then Y; is
the formal adjoint of the map f — X{(f) as can be seen from the

duality relation—

(Ye(¢), f) = Rdw(X)f(XtX)dX = Rd?/}(X)(X?(f))(X)dX = (¢, X(f)) -
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e From Itd's formula

t t )
foXX= f(x)+/0 Zf(XsX)ds++/0 Aif(XX)dBL,

x — fo XX € H. Where x — Lf(XX), x — A;f(XX) are C*®
functions. Then, from the above mentioned adjoint relation we get

) =+ [ TV [ Al
because

(LF(XC), ) = (LF, Ys(¥)) = (£, [*Ys(¥)),
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e Remark

I) The above computations extend to the case when 1) is a
finite signed measure, say ¢ = y; in that case define
Yi(¢¥) = fRd dxx dp(x). In particular, when ¢ =, then
Y:(¥) = 0xx. In this case the linear SPDE above coincides
with the non-linear SPDE derived earlier for xx.

[I) Taking expectation on both sides of the above linear SPDE

t
B = v+ [ TE(Y(0)ds
when 1) = 6§, we get the forward equation satisfied by

E(Yt(¢)) = E((SXtX) = 'D(57X> )

Note that,
(F L E(Y(0))) = (F, E(6x)) = E F(X2) /f P(s, x, dy).
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S, &', Sp spaces

e Let S(RY) denotes the space of smooth rapidly decreasing real
valued functions on R9 with the topology given by L. Schwartz,
called the Schwartz space

S(RY) = {f € C(RY) | [x*0PF(x)| — 0, as |x| — oo} .
x| denotes the Euclidean norm of RY.
If 8= (B1,---,Ba) € ZE, then |B] = B1+ - + Ba.
=00 0.
For p € R, Sp(R?) = closure of S(RY) w.r.t. || - |-

(f.g)p =Y _ (2lk|+ d)*P(f, h)olg, h)o, f.g €S.
kezd
{hk}keZi is an ONB for £2(R?, dx), called the Hermite functions.
(-, -)o denotes inner product in £2.

(] hk(Xl,w- 7Xd) = hkl(Xl) X e X hkd(Xd)x V(Xl,"' ,Xd) S Rd.
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